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Abstract

This paper examines the choice of commercial breaks by a television net-
work in both monopoly and duopoly settings. Viewers dislike commercials in
the model, while the networks seek to maximize the total audience for these
commercials through their choice of the number, length, and timing of com-
mercial breaks. The model’s prediction of a network’s optimal choice seems
to match what we observe in reality; in particular, commercial breaks ap-
pear more frequent toward the end of the program, and the optimal length
of breaks is single-peaked. In duopoly equilibrium, commercial breaks on two
networks must have the same length and appear at the same time. Compared
to monopoly, the breaks in a duopoly equilibrium are longer and/or appear
later.
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1 Introduction

Television networks in the United States have complete freedom of arranging com-
mercial breaks in a TV program: they can freely choose any number of breaks and
any length and timing of each break.! Given this fact, it is interesting to observe that
networks tend to make very similar choices. The following picture shows a typical pat-
tern of commercial breaks when the three major networks simultaneously broadcast

the half-hour evening news programs:
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Figure 1: Real-life arrangement of commercial breaks on the three major networks,
recorded on Thursday, February 12, 1998.

The three networks all choose eight minutes of commercials with five breaks.
The lengths of each break are exactly the same between NBC and CBS, while ABC
differs only slightly. The synchronization of commercial breaks across channels is
also obvious. The average overlap between any two channels is 70%,? while random
timing yields an expected overlap of only 30%. A natural question is why networks
want to make the same choice, in particular, why do they want simultaneous timing
of commercial breaks? Is it a coincidence or an intentional act?

Television is not a business of producing programs; television produces audience,

the access to whom is sold to advertisers. The fact is, viewers do not like commercials.

!The FCC does not regulate the amount or frequency of television commercials, although regu-
lators in many other countries do. The National Association of Broadcasters, through its industry
code, once limited the amount of TV commercials to be no more than 6 minutes per hour in prime
time. The practice was declared to violate the antitrust law in 1981 and was abandoned thereafter.
The Congress has passed a law in 1992 requiring that the commercials in children’s program can
not exceed 10.5 minutes per hour on weekdays and 12 minutes per hour on weekends.

2Because commercial breaks are inserted between different news stories, it is impossible to per-
fectly synchronize breaks even if networks intend to do so.



They try to escape whenever possible.® The typical behavior during a commercial
break is to switch to another channel, go and get a drink, go to the restroom, talk
to another person, or simply leave the room without coming back.* Today with the
help of remote control and more than 30 channels available to American households
at any time, switching channels during commercial breaks, commonly referred to as
“zapping,” has become an all-American fashion. Pahwa(1990) estimates that “72%
of US households now have at least one remote control” and that “the average house-
hold zaps once every 3 minutes and 42 seconds.” On the other hand, a television
network’s revenue comes solely from selling commercial times. It has every incen-
tive to keep viewers during its commercial breaks. The advertising industry has long
realized the threat posed by viewers’ zapping behavior (Kaplan, 1985; Heeter and
Greenberg, 1985; York and Kitchen, 1985; Knealy, 1988; Gross, 1988; Pahwa, 1990;
Nakra, 1991; Ward, 1991; American Demographics, 1995; Danaher, 1995; Siddarth
and Chattopadhyay, 1998). One solution they came up with is the “roadblock” in
which the same commercial is broadcast at exactly the same time on several chan-
nels. Gross(1988) claimed that “roadblocks can be a somewhat effective deterrent to
flipping. The idea behind this time-honored media tactic is to frustrate flippers as
they find commercial materials at every turn of the dial.”?

The incentive to synchronize commercial breaks is now easy to understand. Tele-
vision networks coordinate the choice of commercial breaks to force viewers to watch

commercials.’ In fact viewers’ tendency to avoid commercials is ubiquitous even when

3In this aspect television is different from other media such as newspaper or magazine, where
readers might actively look for certain advertisements.

4See, for example, Thorson and Zhao(1997), Danaher(1995), and Steiner(1966). In 1952 the water
commissioner in Toledo, Ohio, noticed that whenever “I Love Lucy” was shown on the city’s only
television station, each advertising break was marked by a huge drop in water pressure as thousands
of toilets flushed at once (Knealy, 1988).

>This practice was more effective in the past when there were only three or four VHF stations
in any local market. It has become less popular today because viewers have so many channels from
which to choose. Also, it is not easy to exactly coordinate the timing unless it is some standard time
slot such as the commercial time before the 11 o’clock local nightly news.

6This coordination might take the form of explicit agreement or tacit collusion. As shown in the
paper, in both cases the outcome is simultaneous timing. In reality the decision of when to insert



a network does not have any competitors. The situation, which we call a monopoly, is
simpler but more fundamental than duopoly in our attempt to understand the choice
of commercial breaks. A monopoly could be a market where there is only one tele-
vision channel, or a special program in a multi-channel environment in which there
are no comparable programs elsewhere at the same time. The Super Bowl and the
Academy Awards ceremony are two examples. To some extent a movie on TV can
also be regarded as a monopoly. In contrast, duopoly or oligopoly is a situation where
several channels broadcast the same type of programs at the same time. Examples are
also abundant: NBC, ABC, and CBS all broadcast half-hour evening news programs
simultaneously; NBC and CBS both have late night show at 11:30; CNN and Fox
News have around the clock news, etc.

The goal of this paper is to study a network’s choice of commercial breaks in
both monopoly and duopoly settings. Since viewers do not like commercials, it is
assumed that every commercial break drives away some viewers; the drop in audience
size depends on the length and frequency of breaks. Given viewers’ behavior, a
network chooses the number of breaks and the length and timing of each break in
order to maximize its commercial audience. With this simple setup, the paper is able
to reproduce the real-life arrangement of commercial breaks as a network’s optimal
choice. Figure 2 shows the model’s prediction of commercial breaks in monopoly.
The pattern resembles what we observe in reality. Considering the model’s prediction
that the duopoly timing of breaks is later than a monopoly’s choice, the picture will
be even more similar to the pattern shown in Figure 1. Other interesting features
also emerge in monopoly, including the conclusions that commercials become more
frequent with the procession of a program, and that the optimal length of breaks is

“single-peaked”—meaning that a network should never reduce the length of breaks

a commercial break into the program is made by the program executive manager. It is possible for
the manager to monitor the timing of breaks on other channels and insert its own breaks at any
appropriate time. Since the same types of programs are repeated every day and each network has a
regular pattern, the coordination is not very difficult, provided that simultaneous timing is a Nash
equilibrium, which is true in the model.



Figure 2: Optimal choice of commercial breaks predicted by the model

first and then increase it later.

The biggest finding in duopoly is that any pure strategy equilibrium must be
symmetric; the two networks choose exactly the same number, length, and timing of
commercial breaks. Symmetry also characterizes the collusive behavior when the two
networks try to maximize the joint commercial audience. The second general result is
that the breaks in a duopoly equilibrium are longer and /or appear later, compared to
a monopolist’s choice. Thirdly, we are able to establish the existence of a continuum
of pure strategy equilibria, the range of which continuously shrinks to the unique
monopoly choice when the interaction between channels (in the form of the flow of
audience) decreases to zero.

Many conclusions that are reached by the study are supported by empirical data.
For example, Epstein(1998) provided evidence of the following statements: (1) In
equilibrium all networks broadcast commercials at the same time. (2) As the program
progresses, commercial breaks become longer and/or news intervals become shorter.
(3) The total commercial time in oligopoly might be longer than in monopoly.

Given the importance of television commercials in business and everyday life,
surprisingly little research has been done on the choice of commercial breaks. The
only paper that we found is Epstein(1998), which provides empirical evidence of many
findings that are consistent with our model. Cancian, Bills, and Bergstrom(1995)
studied the optimal timing of television news programs, and they found that no pure
strategy equilibrium exists in the duopoly game where timing is modeled as a location
with directional constraint. The study was followed by several other papers trying to
recover the equilibrium: Cancian, Bills, and Bergstrom(1993), Barros(1998), Nilssen

and Sorgard(1996, 1998). Our model is inherently much more complicated in two



senses: the duration of commercial breaks is a choice variable; and it involves the
optimal number of breaks and the timing of every break. In contrast, these papers
study the timing of a television program as one single point in time without any
length.

Lal(1990) studies the alternating offer of price discounts by competing firms.
Villas-Boas(1993) investigates the “pulse” behavior of firms’ advertising expenditure.
Both papers look at the synchronization of certain economic activities, but there are
no dynamics in the games. The focus is on whether two firms should have the same
kind of economic activities at any point of time. In contrast, the flow of audience as
a function of time plays a central role in our model.

Viewers’ behavior during commercial breaks has been studied by Steiner(1966),
Ray and Webb(1978), and Thorson and Zhao(1997). Barwise and Ehrenberg(1988)
described television program scheduling games.” Owen and Wildman(1992) analyzed
a monopolist’s scheduling activity called “windowing.” Advertising by itself has been
a topic of economic studies(see, for example, Shy, 1995). Recent research models ad-
vertising in timing games(Erickson, 1995). What we study in this paper is essentially

not advertising, but rather the timing and duration of different economic activities.

2 The Model

A single network (henceforth the monopolist) broadcasts a television program (we call
it news) from time 0 to time 1. There are several commercial breaks in the program.
We use the following notation and assumptions:

n: the number of breaks;

¢;: the length of the ith break, i =1,2,--- ,n.

"One interesting phenomenon is that TBS always starts its programs five minutes later than other
channels. This is obviously an intentional action to deal with viewers’ “surfing” at exact hours and
half-hours when most channels change programs. Another observation is that a special event like the
Super Bowl can produce some interesting economic activities: a competing channel might choose to
broadcast programs that cater to women; some grocery stores offer special sales only during Super
Bowl time.



x;: the length of the news interval between the (¢ — 1)th break and the ith
break, i =1,2,--- ,(n+1).

r;: the audience size (sometimes also called the rating) of the ith break, i =
1,2,--+ ,n. r; is fixed for the duration of that break. When the program begins the

audience size is rg = 1.

ri=ri-1—rof(zi,¢), =12, n.
of of Pf o f
. c) > —_ — — <
where f(z;,¢;) >0, . <0, 9c, > 0, 922 B2

The monopolist’s objective function is the cumulative total commercial audi-

>0 > 0.

ence:

n
™ = E CiT;
i=1

The monopolist chooses n, {c;}*,, and {x;}7* to maximize 7, subject to the con-

. 1
straints: ¢; >0, z; >0, > ¢ + Zzl xz; = 1.

In this model, viewers do not like commercials. They stay with the channel so
long as it is showing news. At the beginning of a commercial break,® some viewers
leave the program.” Consequently the audience size is a downward step function of

time as shown in Figure 3.

8This assumption is not essential and is only for the convenience of computation. An alternative
is to model the audience size as a continuously decreasing function during a commercial break. By
appropriately defining the immediate drop of audience size at the beginning of commercial breaks,
the two approaches are mathematically equivalent.

9The flow of audience is one-directional in monopoly, but when there are more than one channel,
viewers can jump back and forth between channels. In reality many viewers leave the program
temporarily during a commercial break and come back when the program resumes. But if all of the
viewers do this, the length or the timing of breaks would not matter at all for a network. It always
loses that part of its audience whenever a commercial appears. There must be some viewers who
do not come back. Take the 6:30 evening news as an example. At the beginning of the program
there are a certain number of viewers who are willing to watch at least part of the news. They enjoy
the program until being provoked by a commercial break, at which moment many decide whether it
is worthwhile to tolerate one more break and watch the news thereafter. Some will stay, but some
will quit and take up other activities (i.e. go to a movie) without watching the remaining news.
Another interpretation is that there exists a network which does not have any commercial breaks in
its programs, i.e. the PBS. Once a viewer is driven to PBS by commercials, he is trapped there and
never comes back.
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Figure 3: Flow of audience in monopoly

The drop (as a ratio of original audience size ry) at the beginning of each break
is influenced by two factors: the frequency of commercials and the length of the
current break, where the frequency is represented by the news interval immediately
preceding the break. This specification assumes very simple behavior by viewers. At
the sight of a commercial, they decide whether or not to stay, and they only care about
the program interval before this point and the length of commercials after the point.
Viewers are partially rational in the sense that they can correctly anticipate the length
of the current break and remember the length of the most recent news interval, but
nothing else. Because viewers do not like commercials, the drop is decreasing in z; and
increasing in ¢;. In other words, the drop in audience size is greater when the current
break is longer and smaller when the program interval immediately preceding the
break is longer.!® The signs of the second derivatives on f are assumed to guarantee

an interior solution. Note that a zero second derivative on ¢; is allowed.

0There is evidence to support the effect of the length of commercial breaks. Siddarth and Chat-
topadhyay(1998) found that “longer advertisements have a higher probability of being switched off.”
Danaher(1995) made the same discovery. The second factor—the frequency of breaks—is both in-
tuitive and necessary to the model, although it has not been identified by the literature. When the
audience is annoyed by too frequent commercial breaks, more of them will quit. If this effect were
not present, the timing of commercial breaks would not matter at all, and networks would squeeze
in as many breaks as possible, but this is obviously not true.



The monopolist’s payoff is simply the cumulative total commercial audience.!'!
Current techniques can only report the rating of the whole program, i.e. the commer-
cial audience cannot be distinguished from the news audience.!? Therefore another
possible (and seemingly more natural) specification of the objective function would
be the rating times the total length of commercials, where the rating is represented by
the total audience of the whole program. (Note that the total audience itself cannot
be the objective function because that would lead the monopolist to broadcast no
commercials at all.) Then a network has a strong incentive to broadcast commercials
later rather than earlier in the program in order to retain a bigger audience for the
early part of the program. All of the commercials might appear at the end of the
program. Many viewers will leave once commercials begin. Consequently advertisers
would raise the concern and require the commercials to be aired earlier. This implies
that a network must give greater weight to the commercial audience than to the news
audience. Simulations on the ratings as weighted averages of commercial audience
plus news audience provide no meaningful new result while complicating computa-

tions.

1 Advertisers buy commercial times up front for a whole season. The price they pay networks
depends on the ratings of programs in which their commercials are broadcast. Consequently networks
seek to maximize the ratings, which are simply the audience sizes. In principle an advertiser should
care about the exact position of his commercials either in the program or in a series of commercials
in a break, and the concern should be reflected in the pricing of different positions. While this
might be true for a special event like the Super Bowl, normally a contract between a network and
an advertiser goes no further than specifying the frequency of any particular commercial in a certain
program, i.e. four times per week in the 6:30 evening news program.

12What happens is that a meter is attached to the TV set in a sample family and automatically
records the duration of tuning to any channel for at least 5 minutes. Since normally a commercial
break does not last for more than 3 minutes, it is simply not possible for this monitoring system to
record the audience of any particular commercial break. Nielson Research Institute has told me that
they are developing a technique to monitor audience minute by minute, or even second by second.
This development justifies our specification of an advertiser’s (thus a network’s) concern about the
commercial audience rather than the program audience.



3 A Monopolist’s Optimal Choice

Before we proceed to the general results, it is helpful to look at some examples.
Let f(zi,c;)) = de i 4 ¢ — 1 with d = 1/7, k = 20, a = 2.2. In the unique
optimal solution the monopolist chooses five breaks with a total length of 0.32. The
arrangement of breaks in the optimal solution is shown in Figure 2. The lengths
of the breaks are 0.064, 0.065, 0.066, 0.066, and 0.061 respectively, while the lengths
of news intervals are 0.17, 0.16, 0.14, 0.12, 0.09. The average drop of audience size
at the beginning of each break is 16 percent of the original audience.'> Many other
functional forms and parameters have also been tried. The results vary, but there
emerges a robust pattern: the last commercial break always appears at the end of
the program; news intervals become shorter and shorter when the program proceeds;

and the length of breaks has a single peak. This is not a coincidence.

Lemma 1 In any optimal solution x,,,; = 0. In other words, the last commercial

break always appears at the end of the program.

Proof: Suppose in some optimal solution x,,; # 0. Now increase z, while
keeping ¢, unchanged. Remember m = Y " | ¢;r;. r; is not affected by this action
for i = 1,2,--- ,n—1, but r, has increased because r, = r,_1 — rof(xn,c,) and f
is strictly decreasing in x,. The original arrangement could not have maximized 7,

thus the desired contradiction. Q.E.D.

The reason is easy to understand. Since viewers do not look into the far future, the
audience size up to a break does not depend on any arrangement after this break. The
monopolist’s only concern on the last commercial break is to increase the audience of
that break, so he pushes the last break to the very end of the program. In contrast,

there are trade-off’s in arranging the timing of all the previous breaks: increasing one

13Kneale(1988) reported a study by R.D. Percy and Co. in New York city where the rating is
measured on a second-by-second basis. They found that ratings during commercial breaks dropped
by 10 percent on average.

10



news interval will necessarily reduce another, leading to a bigger audience on the first
break and a smaller audience on the second. In reality the commercials between two
TV programs always appear right before exact hours or half-hours, which means we
should regard them as happening at the end of the previous program rather than at
the beginning of the next program.

Now the constraint faced by the monopolist becomes " | (x; + ¢;) = 1. Rewrite

the audience size of the ith break as r; = 1 — 2121 f(xy, ). Let fi = f(xi,¢;). Then

n n n n
M= ari=) = (3 el
i=1 i=1 j=1 i=j
The monopolist chooses z; > 0 and ¢; > 0, ¢ = 1,2,--- ,n to maximize m, under

the constraint Y (x; + ¢;) = 1. Let X be the Lagrangian coefficient. Assuming an

interior solution, the first order conditions are:

o J " 0f;
—_— =1 - ) —= = 1
5, =L ijf gc@)a%_ A (1)
or  ~~ 0
81‘] __(;;CZ)axj =A (2)
j:1727' I

The second order conditions are always satisfied.

Proposition 1 If f(z;,¢;) is separable and additive in z; and ¢;, or if the length

of each break is the same, then z; is decreasing over ¢: z; > x; whenever ¢ < j.

Proof: From (2),

because i< j, we have Y i c;>> " ;¢ Since 0f;/0z; < 0fort =1,2,--- ,n,

Of (x4, ¢;) > of (x4, ¢5)
&vi &vj

11



If f(x;,c;) = g(x;) +h(c;), the above inequality becomes ¢'(x;) > ¢'(x;). Since g” > 0,

z; > ;. Alternatively, if ¢; = ¢;, the same conclusion is also reached. Q.E.D.

This result says that commercial breaks become more frequent toward the end of
the program. It is consistent with what we observe in reality. Since the audience size
at any moment is a subset of the previous audience, what happens to the audience at
any particular time has a cumulative impact on the remaining part of the program. In
other words, the audience size of an early break has a bigger weight in the monopolist’s
objective function than the audience of a later break. As a longer news interval
tends to increase audience, the optimal timing should command a shorter and shorter
news interval—therefore more frequent commercial breaks—toward the end of the
program.'* The network does not want to drive viewers away very early, although it
might have to do so later since it has a certain number of commercials to air.

There is an immediate corollary to Proposition 1:
Corollary. z; > 0 unless > -  ¢; = 1.

The first commercial break will never appear at the very beginning of the program.
There must be at least some regular program before the first commercial break begins.
Again, this is consistent with what happens in reality.!?

In line with the argument of a shorter news interval toward the end of the program,
one might expect the length of breaks to be increasing over time. One might reason
that a shorter break in the early part of the program would keep a bigger portion of
the audience, and thus increase the total rating. This is not the case. Unlike the news
interval, the length of breaks enters the objective function in two ways. First, it is

n

the weight of the audience size of each break: m =) | ¢;;. Second, it influences the

14 Another interpretation is that a viewer of a television movie might be “hooked” in the sense that
the more he watches, the higher is the cost of switching to another program. The idea of getting
hooked is consistent with our assumption that the longer a program interval is, the smaller is the
number of viewers who quit.

5There are many commercials before the broadcast of a sporting event like the Super Bowl, but
we do not regard the program as having started until the game actually begins.

12



payoff indirectly by influencing the audience of each break. The two forces operate
in opposite directions. A short break in the early part of a program will increase
the rating, but it will also reduce the weight on this higher rating. The net effect is

ambiguous. Nonetheless, we are able to find one sure thing.

Proposition 2 Suppose f(z,c¢) = g(z) + h(c). Then the length of breaks is
single-peaked, i.e. it is never optimal to decrease the length of breaks first and then
increase the length later.

Proof: Suppose in some optimal solution ¢; < ¢; 1 and ¢; < ¢; 41 for some 7. From

equation (1) we have:

Ofi Ofi
(ci+ciprt-+ Cn)_f = fir1 + (cip1 +cipa + -+ cp) St
dc; dcit

Rearranging terms yields:

n

cih/(ci) + (D ) [W(e) = B (ci)] = fin

t=i+1

For the same reason we have:

n

Cith/(cia) + (Y e) [W(cimn) = W ()] = fi

t=t

Since ¢; < ¢;_1, ¢; < ¢iy1, K >0, h” > 0, we get
cih/(c;) > fisa and ci1h'(cic1) < f;

We already know that ¢; < ¢;_1 and 0 < h/(¢;) < h'(¢;—1). Therefore f; > f;11. On the
other hand, from Proposition 1, z; > x;,1. By assumption ¢; < ¢;41, ¢ < 0, b’ > 0,

then f; < f;11, thus the contradiction. Q.E.D.

At the beginning of the program a network does not want the break to be very
long for fear of driving many viewers away too early. At the end it does not want

long breaks either, because the audience size is already small. In real life we see the

13



last break tends to be relatively short. Sometimes this time slot is filled with other
“non-program elements” such as station declarations or “coming up next ---.”

Thus far we have discussed the timing and the length of breaks. A network’s
choice variables include the number of breaks. The following is true (because of

limited space, the proof is omitted):

Lemma 2 When the length of each commercial break is the same, the payoff

function is concave in the number of breaks n.

This property ensures us that the monopolist will choose a certain number of
breaks within a program, neither too many nor too few. For a fixed total length of
commercials, splitting into more breaks will decrease the length of every break, which
tends to increase the rating, while at the same time the commercials become more

frequent, which decreases the rating.

4 Two Networks

We maintain every assumption that was made for the monopoly case. Two networks
(henceforth channel 1 and channel 2) each broadcast a television news program from
time 0 to time 1. The following notation is used:

n;: the number of breaks on channel j, j =1, 2.

zf : the starting time of the ith break on channel j.

wj : the ending time of the ith break on channel j. wg =0forj=1,2.

j J
d=wl -2

the length of the ith break on channel j.

J_

J.

—w!_: the length of the news interval between the (i — 1)th break and
the ¢th break on channel j.

rJ: the audience size at time ¢ on channel j. r§ =2 = 1/2.

At t = z , 7/ instantly drops by 7? f (2 x;, Z) at t = 2, 1/ instantly increases by
prEf(ak cb). k€ {1,2}. f(x,c) >0, f<0,af>0 f>0,82—f>0

TG Oz Jc 0x? dc?
p € [0,1]: the switching coefficient.

14
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Figure 4: Flow of audience in duopoly

Each channel’s payoff is its own cumulative total commercial audience:

= / rldt
e
telU; 2, [#] w]]

The choice variables available to channel j are: nj, {2/}72,, {w/}Z,, namely the
number of breaks, and the length and timing of each break. The constrains are:

OS§25§w3§23+1§wi+1§Slvz:]-aQ:anJ

Figure 4 shows the change of a channel’s audience when viewers jump between
the two channels. In this picture, one of channel 1’s breaks starts at time 5, with x;
and c¢; being the length of the preceding news interval and the length of the break,
respectively. Before the end of this break, channel 2 starts its break at time ¢3 with

length ¢, and interval x5. Then
ry, =T — rof(x,e1), T =1, + prg f(aa, c)

and channel 1’s audience of that break is yry, + (¢1 — y)r,.

15



Viewers do not have any preference between the two channels’ programs. Their
only concern is to avoid commercials. When the program starts, the two channels
split the market equally. The objective function of a channel is still the channel’s
total commercial audience. Whenever a commercial appears on screen, part of the
channel’s audience will leave. The drop function f(z;,¢;) is exactly the same as in
monopoly: it decreases with the news interval immediately preceding the break and
increases with the length of this break. However, unlike in monopoly, the departing
audience has another choice. Not only can viewers avoid commercials by turning off
the television, they can also choose to change the channel. The switching coefficient is
p € [0,1]: out of the people who escape, a fixed proportion p changes channels, while
the remaining (1 — p) turns off the television.!® When p = 0, each channel becomes
a de facto monopolist and there is no interaction at all between the two channels,
which make their choices independently. At the other extreme, when p = 1, the total
population is fixed at 1. Viewers must watch one of the programs; the total demand
is perfectly inelastic. This is the situation where the interaction is the strongest.

Switching viewers will stay with the second channel even if they also find commer-
cials there. Normally viewers perceive commercial breaks to have the same length. A
break has just started on the first channel, while the second channel might be finishing
its commercials at any time. The expected waiting time of staying with the second
channel is shorter than that of the first. On the other hand, the switching viewers will
not drop out of the market entirely after finding commercials on the second channel,
because they are the people who decide to stay in the market in the first place. They

are willing to tolerate at least one more commercial break.!”

16 Alternatively, we could assume that the number of viewers exiting the duopoly market is the
same as that in the monopoly case. Furthermore, we could assume that there is an additional exodus
to the other channel, i.e. r; = r;,_1 —(1+p)rof(x;, ¢;). However, our objective is to compare how the
flow of audience between channels influences the channels’ choice of commercial breaks for monopoly
and duopoly. The loss in audience when a commercial appears should be the same in both cases.
The only difference is that a channel can now gain viewers from the other channel when that channel
broadcasts commercials.

17 Alternatively, when a commercial break appears on screen, the viewers who leave can look at the
other channel first. If it is also showing commercials, they will exit the market and never come back;

16



As in monopoly, the drop function at the beginning of a break depends only on
the news interval preceding the break x;, and the length of the break ¢;. There might
be some viewers who have just switched from the other channel and do not know
x;, i.e. they should instead care about y;, which is the news interval between the
time they switch and the time the current break begins. For simplicity we assume
switching viewers also know z;.

Since the ratings and drops are all defined in the unit of the original audience
size ré, j = 1,2, and since audience is originally distributed evenly between the two
channels, the optimal choice of any channel does not depend on the value of 7’6. For
simplicity, we assume that r% = 1 for both channels j = 1,2. This won’t affect any
choice made by a channel. The only difference it makes is that the payoff we now talk
about is twice that of the actual payoff when 7’8 = 1/2. When there is no ambiguity,
subscriptions are also used to indicate channels: ¢; and z; represent the length of a

break and the length of a news interval on channel i, i = 1, 2.

5 Collusive Behavior

We first study the collusive behavior in duopoly. T'wo channels coordinate choices of
commercial breaks in order to maximize the joint total commercial audience.

First, it can be shown that in the optimal solution the last break on each channel
always appears at the end of the program. Since there are too many variables, we
need to simplify. We start by assuming that each channel has only one commercial
break. There are two choice variables: the length of the break on each channel ¢; and
2. It turns out that the two channels must choose the same length. (Henceforth, all

of the proofs are collected in the Appendix.)

Lemma 3 If each channel has one commercial break, the maximum joint payoff

is achieved when ¢; = ¢5 = ¢. ¢ is increasing in p. If p = 0, then ¢ = ¢y, where ¢; is a

otherwise they will stay (with the second channel). In this case networks have a strong incentive to
have non-simultaneous timing in order to preserve the total audience.
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monopolist’s choice of the length of a single commercial break.

A non-symmetric arrangement could not be optimal. Since a shorter break implies
a later appearance (recall that the two breaks are both at the end of each program),
it has more audience than the one on the other channel because of switching viewers.
Consequently it should have longer length in the optimal solution than the other
break, thus the contradiction. When p = 0, the two channels become two monopolists
that each independently choose cj. When p > 0, a commercial break is less costly
than in monopoly because each channel gains some viewers from the other channel,
therefore both choose a longer break.

Now suppose each channel has two breaks and every break has the same fixed
length c. Again there are two variables: the news interval before the first break on

either channel, x; and zs.

Lemma 4 If each channel has two breaks and each break has the same length,
then the joint payoff achieves the maximum when z; = x9 = 1z, where z; is a

monopolist’s choice of the timing.

Suppose the two channels do not have simultaneous timing of their first breaks,
i.e. channel 2’s break appears later. Then channel 2’s first break has a bigger audience
than that of channel 1 because of switching viewers. On each channel, a later first
break results in an increase in the audience of the first break and a decrease in the
audience of the second break. The timing is optimally chosen when the audiences of
the two breaks are balanced. Since the first break on channel 1 has a smaller audience
than that on channel 2, it should be broadcast later, i.e. the two channels actually
should have the same timing for their breaks.

In the above two cases (each channel has one break, and each channel has two
breaks with fixed equal length), collusion always results in a symmetric arrangement
of the commercial breaks—equal length and simultaneous timing. A channel is going

to lose part of its audience anyway whenever commercials appear on its screen, but
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the other channel will gain some escaping viewers. This is a positive externality. A
symmetric arrangement of commercial breaks across the two channels can maximally
internalize the externality. This should still be true in the general case when the two

channels can choose any number of breaks with any length and timing.

6 Dwuopoly Equilibrium

Two channels compete with each other for commercial audience. We want to study
equilibrium choice of commercial breaks in a duopoly game and how the choice com-
pares to that of monopoly. Since there are too many choice variables, we need to
concentrate on one type of variable at a time. We shall first consider the number of
breaks.

First, it can be shown that in equilibrium the last break always appears at the
end of the program on either channel. Now suppose two channels have the same total
length of commercial breaks and they decide independently and simultaneously how

many breaks they want. Up to two breaks are allowed. We have the following result:

Lemma 5 The two channels must choose the same number of breaks in any
pure strategy Nash equilibrium: they either both choose one break or both choose

two breaks.

This lemma says that it is never an equilibrium for the two channels to choose
a different number of breaks. The trick is to use a monopolist’s choice as a bench-
mark. Between the two channels’ choices of the number of breaks, a monopolist must
(weakly) prefer one to another. Then the channel whose choice is not preferred by a
monopolist should not be maximizing its commercial audience, because by changing
to its rival’s number of breaks, it can benefit in two ways. First, it acts as if it is a
monopolist when the original number of breaks is not optimal; second, its commercial
audience becomes bigger because its commercials overlap more with the other chan-

nel. Note that we still do not know whether it is an equilibrium for the two channels
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to choose the same number of breaks while a monopolist chooses a different number
of breaks.

Now let’s turn to the timing of breaks. Suppose each channel has the same
number of breaks with the same fixed length. If there is only one break on each
channel, the timing problem becomes trivial as both breaks appear at the end of the
program. When there are two breaks with fixed length, each channel has only one
choice variable: the timing of the first break. Not surprisingly, the two channels again

must make the same choice.'®

Lemma 6 If each channel has two breaks and every break has a fixed length c,
then:

(i) Non-simultaneous timing can never be a pure strategy equilibrium;

(ii)) There is a continuum of equilibria in simultaneous timing in the form of
g < x < y, where x is the equilibrium simultaneous timing by both channels,

xo is the unique optimal timing by a monopolist, and y > =g is characterized by

pf(y) —2¢f'(y) +cf'(1—2c—y) =0.

The best response of channel 1 is shown in Figure 5. xy is a monopolist’s optimal
choice of the timing. If channel 2 airs the first break earlier than z(, channel 1 will
stick to the timing of xy. So long as channel 1’s first break is after channel 2’s,
whatever channel 1 gains from the switching viewers is independent of channel 1’
timing; the optimization problem channel 1 faces is exactly the same as when it is
the only channel to operate.

When channel 2’s first break is very late, channel 1 would again stick to the mo-
nopolist’s ideal timing x,. So long as channel 1’s first break is before channel 2’s

without any overlap, channel 1 will not benefit from switching viewers on its first

18For simplicity we have assumed that the length of all four breaks is equal, but this is not
necessary. The two breaks within one channel can have different lengths so long as the two channels
are symmetric, i.e. the two channels’ first breaks have the same length, and the two channels’
second breaks have the same length. When the two channels are asymmetric, we might have non-
simultaneous timing in equilibrium.
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Figure 5: Best response in the timing of two breaks

break. (Its second break will always benefit, but that gain does not depend on the
timing of the first break.) Therefore again channel 1 is solving an optimization prob-
lem faced by a monopolist: the trade-off of increasing x; is to increase the audience
of the first break and decrease the audience of the second break.

Now suppose channel 2 starts its first break slightly after xy. If channel 1 sticks
to xg, the trade-off on its own audience between the two breaks is optimally solved.
However, channel 1 has an extra incentive to defer the first break so that it can max-
imally benefit from channel 2’s switching audience. Over a certain range, channel 1’s
best response is to always start its first break when channel 2 does. This simultaneous
timing can be weakly later than the monopoly timing z(, but never earlier.

When channel 2 starts its first break even later, the force to keep channel 1’s two
breaks apart is so strong that it will give up simultaneous timing. Instead it will
adopt partial overlap by starting the first break slightly earlier than channel 2’s. z;

and o move in opposite directions: the later channel 2’s first break, the earlier is
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channel 1’s. Beyond some point, channel 1 will totally abandon partial overlap and
jump back to xg.

The range of simultaneous timing that can be supported as an equilibrium is
between zy and y, where y is determined by pf(y) — 2¢f'(y) + ¢f'(1 — 2¢ — y) = 0.
When p = 0, this equation becomes the first order condition that a monopolist needs
to solve. Consequently y = zy. The situation p = 0 means that the two channels are
in fact two independent monopolists. Naturally they will both choose xy. The upper
bound of all equilibria, y, is increasing in p —when the flow of viewers between the
two channels becomes stronger, an even later simultaneous break could still be an
equilibrium.

The two channels will have the same payoff in any equilibrium. For each channel,
the equilibrium payoff is decreasing with the timing z. It achieves the maximum
when = = x(, which is also the optimal choice in both monopoly and collusion.

So far we have discussed the equilibrium number and timing of breaks. Now we
turn to the length of breaks. To begin with, suppose each channel has only one break.
Then the break will appear at the end of each program, and the only choice variable

for each channel is the length of the break.

Lemma 7 When each channel has only one break:
(i) in equilibrium the breaks always have the same length; and

(ii) the equilibrium length is weakly longer than a monopolist’s choice.

The best response is shown in Figure 6. ¢ is the optimal choice of the length by
a monopolist. When channel 2’s break is very short, channel 1’s gain from switching
audience is independent of the choice of ¢, so long as channel 1 starts its break
earlier than channel 2. Consequently channel 1 acts as a monopolist and choose the
monopoly length cy.

When channel 2’s break is slightly longer than ¢y, channel 1 would like to match

channel 2’s choice. Channel 1 does not want a longer break because, according to the
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Figure 6: Best response in the length of one break

previous argument, if ¢; > ¢y, channel 1 wants ¢; = ¢g. However, ¢, is already greater
than ¢g. On the other hand, channel 1 does not want a shorter break either, because
now a commercial break is less costly than in monopoly and therefore channel 1 has
an incentive to inflate the length of the break. When ¢, is not too long, channel 1
will choose ¢} = ¢, to take full advantage of channel 2’s switching audience.

When channel 2’s break is even longer, channel 1 stops matching channel 2’s
choice and instead chooses a shorter break. ¢} keeps increasing with cy, though at a
slower speed.

Since the two channels are symmetric, the above best response will only produce
symmetric equilibria: the two channels must choose the same length of breaks. The
equilibrium symmetric length is bounded by ¢y and z. z is a function of p and is
increasing in p. In the extreme case when p = 1, we have z = 1; that is, any
symmetric adoption of commercial length that is greater than ¢y can be supported as
an equilibrium. In particular, ¢; = ¢, = 1 is an equilibrium. This is simply because

viewers are confined to the programs and the two channels do not have to worry about
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departing audience.

Now suppose that each channel has two breaks. Within each channel, we further
restrict the length of the two breaks to be equal in order to reduce the number of
choice variables. Across channels, the choice of break length is independent. Each
channel now has two choice variables: the interval before the first break x;, and the
length of each of the two breaks c;, ¢ = 1,2. The constraint is x; +2¢; = 1 because the
last break is always at the end. We first want to find if non-symmetric arrangement
can be supported as an equilibrium. That is, could ¢; # ¢y, x1 # x5 happen in any

equilibrium?

Lemma 8 If each channel has two breaks, the breaks on one channel have the
same length, and f(z;, ¢;) = g(z;)+h(c;), then any equilibrium in (z;, ¢;) is symmetric:

r1 = T9 and ¢, = co.

The argument is a combination of the case when timing is the only choice variable
and the case when length is the only choice variable. Basically, if a break is shorter
than its counterpart on the other channel, the shorter break enjoys more audience and
hence should be longer. If a break appears earlier than its rival, the earlier break has
fewer viewers and thus should be pushed further toward the end. This process won’t
stop until the two channels make exactly the same choice. The small area in Figure
7 represents all of the combination of (symmetric) z and ¢ that can be supported
as an equilibrium. We can see that the equilibrium length is always longer than
the monopoly choice, because a commercial break is now less costly due to switch-
ing audience. On the other hand, the simultaneous timing could be either earlier
or later than the timing in monopoly. This is because longer breaks push the first
break toward the beginning of the program, while the interaction between the two

channels pulls the first break to the end the program, and the net effect is ambiguous.
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Figure 7: Equilibrium length and timing of two breaks.
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Finally, we summarize the results of lemmas 5 through 8 in the following propo-

sition:

Proposition 3

(i) Any duopoly equilibrium must be symmetric—the two channels choose exactly
the same number, length, and timing of breaks. In particular, breaks on two channels
always appear at the same time.

(ii) Compared to the monopoly choice, a duopoly equilibrium has longer and/or
later breaks.

(iii) There exists a continuum of duopoly equilibria in the space of choice variables,
and the range of these equilibria continuously shrinks to the monopoly choice as the

interaction between the two channels continuously drops to zero.

7 Conclusion

This paper attempts to understand a television network’s choice of commercial breaks.
With simple and natural specifications of both viewers’ behavior and a network’s
objective function, the model seems to be able to explain the pattern that we observe
in reality by monopoly optimal choice and duopoly equilibria. Most of the conclusions
are supported by empirical evidence and have practical implications.

In this paper we have used television as an example. Naturally the radio industry
is almost identical. To some extent any media advertising bears the same character-
istics and the entire analysis applies. For example, we never see any advertisement
on the front page of a magazine or newspaper, while the back page always bears
commercials. !

While the results in monopoly are both general and satisfying, the conclusions
in duopoly are limited to the case with no more than two breaks because of the

presence of too many choice variables. One defense of this weakness is that we can

197 owe this observation to James Anton.
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use “backward induction.” What happens in the later stage of the program does
not influence the audience of the early part. We have already proved the conclusions
when there are one or two breaks. When the networks decide to have three breaks,
given the choice on the first break, the last two breaks must be symmetric. Then
we can concentrate on the first break and eventually prove that they should also
be symmetric. However, this is not a strict proof. In order to fully overcome the
weakness, we can try a totally different approach. Instead of defining the number
of breaks as a discrete variable, we can model a network’s choice to be a continuous
binary decision (to show commercial or to show news) at any moment of time. This
approach represents the first possible direction of the next research. Mathematically,
it could be more difficult or easier; we still do not yet know.

The context of the current research could be very rich. Basically, it deals with the
situation where a firm must alternate between different economic activities: regular
program versus commercials, normal price versus discount price, news versus other
programs, or the initiation of an advertising campaign. It has been observed that
both Wendy’s and Burger King offer price discounts on Wednesdays. Consequently
the second possible extension of the current research is to study other activities such
as the offering of price discounts (Zhou, 2000).

A third extension is to study the situation with three or more commercial breaks,
or with three or more channels. There are many interesting questions to ask: How
does the pattern of duopoly competition in local news programs compare with that
of national evening news? Is it easier or more difficult to coordinate the choice
of breaks when there are three or more channels rather than two??’ Is there any
explicit coordination when two channels belong to the same owner, such as the case of
Discovery and TLC, or CNN and CNN Headline News? What happens if two channels

have different types of programs? What if the two channels are not symmetric? Is

20The ratings of ABC’s “World News Tonight with Peter Jennings” have been consistently lower
than those of the other two networks. (See the picture on the first page.) One might wonder if this
has anything to do with ABC’s different arrangement of commercial breaks.
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there any leader-follower relationship? Is it beneficial to preempt or to wait?

A fourth direction is to further test all of the conclusions against empirical data.
Although some of the conclusions have already found support from previous studies,
mainly from Epstein(1998), more work needs to be done, as the questions are both

theoretically interesting and practically important.

A Proof of Lemma 3

Not losing generality, assume ¢; < co. Then the joint payoff is:

mr=c[l—f(1-c,c)]+per[f(l—ci,e1) + f(1—co,co)]+call — f(1—co,c2)]

Assuming an interior solution, we must have the following first order conditions:

g = = f) =) | G = G ot 1) =0
0 7] 7]
o= = (1= o)+ = pen) |52 - G2 —o

where f1 = f(1 —c1,c1), fo = f(1 —ca,c2). Let G(c1) = On/Oci = 0. Now G(c2) = 2pfa +
p(cr — e2)(0f2/0x — Ofz/0c) > 0 = G(c1). Because G’ < 0 by the second order condition, ¢; > c¢s,
contradicting the assumption that ¢; < ¢o. That is, in the optimal solution, ¢; = co = c.

Now each channel has a break at the end of the program with length c.

7 =2¢[l—(1—p)f(1 - c,0)

It is obvious that when p = 0, the payoff is exactly that of a monopolist, so ¢ = ¢y. For a general p,
c* is solved by the first order condition:

dm of 9]
= == 0=pf-co]-cl-p) [E_%} -0

Tt is easy to verify that c¢(p) > ¢ and c(p) is increasing in p.
Q.E.D.

B Proof of Lemma 4

Suppose channel 1’s first break appears earlier: x7 < x5. Since the length of each break is fixed at c,
let f(x) = f(x,c). Depending on whether the first breaks on the two channels overlap or not, there
are two cases:
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Case (1) There is no overlap. The joint payoff is:
m=cd—-21—-p)f(x1)— (1 —p)f(1—2c—x1)
—(2=p)f(z2) = (1 —p)f(1 = 2¢ — 22)]

The first order condition on z is:

gg:o — 2f(w) = f(1 -2 1) 3)

On the other hand, when the two channels arrange simultaneous timing x, the payoff is:
mo = 2¢[2=2(1 = p)f(z) = (1 =p)f(1 —2c—2)]

The first order condition for z in simultaneous timing is exactly the same as that for z; in (3). We
call the solution in both equations z¢. It is the unique optimal timing of a monopolist. Now 27 = x.

mo—7m = (2=p)f(x2) + (1 —p)f(1—2c—22) — (1 —p)[2f(x0) + f(1 — 2¢— )]
= (L=p){[2f(x2) + F(1 = 2¢ — x2)] = [2f (x0) + f(1 = 2¢ — xo)]} + pf (22)

Since zg is the solution to min [2f(z) 4+ f(1 — 2¢ — z)], the term in {} is positive, therefore mo > 7.
In other words, the joint payoff could have been bigger when both breaks happened simultaneously
at xg.

Case (2) There is an overlap between the first breaks. The payoff is:

T = c[d=2(1-p)f(x1) — (1 —p)f(1 —2c—z1) — (2 — p)f(z2)]
—c(1=p)f(1 —2c—m2) + p(x1 + ¢ — x2) f(22)

The first order conditions are:

ST = 20 =) ) + (=) (= 2 )]+ ) =0
g_::z = c[(=2+p)f'(w2) = (1 = p)f'(1 = 2 = x3)] + p(x1 + ¢ — 3) f'(w2) — pf (w2) = 0

Let G(zg) = On/0x2 = 0. Then G(x1) = —p[f(z1) + f(x2)] < 0 = G(x2). By the second order
condition, G” < 0, so x1 > x2, thus the desired contradiction.
Q.E.D.

C Proof of Lemma 5

Fix the total length of commercials at 2¢ on either channel. We want to prove that it could never
be an equilibrium for the two channels to choose different number of breaks. Not losing generality,
suppose that channel 1 has one break and that channel 2 has two breaks with equal length ¢ and a
timing x. Then the payoffs are:

7l = 2c[l+pf(x,c) — f(1—2¢2c)]+ pef(l —2¢—x,c)
73 = c[2—2f(x,¢) +pf(1—2¢,2¢) — f(1—2¢c—x,c)]
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7rf is channel #’s payoff with j breaks, i, j = 1,2. We further define channel 0 as a monopolist, whose
payoffs of having one or two breaks are:

o = 2c[1— f(1—2¢c,2c)]
s = c2—2f(x,¢) — f(1 —2¢c—x,¢)]

Define the difference between a monopolist’s two payoffs to be dy:
do = 3 — 5 = c[2f(1 — 2¢,2¢) — 2f(x,¢) — f(1 — 2¢ — x,¢)]
Given channel 2’s choice, if channel 1 had chosen two breaks with timing x,

i =c[2-2(1-p)fz,0) = 1 =p)f(1 - 2¢ — x,0)]
= dy =73 — 7 =c[2f(1 — 2¢,2¢) — 2f(x,¢) — f(1 — 2¢ — z,¢)]

Obviously d; = dy. When dy > 0, i.e. a monopolist prefers two breaks with timing x to one break,
channel 1 should also prefer to have two breaks, i.e. its choice of one break is not optimal. On the
other hand, when dy < 0,

7y =2¢[1 — (1 —p)f(1—2¢,2c)] =

dy = my—m3
= c¢[-2f(1 —2¢,2¢) +2f(x,c) + f(1 —2c—z,¢) + pf(1 — 2¢,2¢)]
= pef(l—2¢,2¢)—dyp>0

74 is channel 2’s payoff when it chooses one break, given that channel 1 has already chosen one
break. When dp < 0, 73 — 73 > 0. That is, whenever a monopolist prefers one break to two, channel
2’s choice of two breaks is not optimal.

Combining the above two results, when the two channels choose different number of breaks,
either channel 1’s choice is not optimal, or channel 2’s choice is not optimal. It could not be an
equilibrium.

Q.E.D.

D Proof of Lemma 6

The drop function is f(x;,¢;). Since ¢; is fixed at ¢, f contains only one variable z;, which we will
also call f(x;). f is strictly decreasing and strictly convex: f’ <0, f” > 0.

Each channel has only one choice variable: the length of the news interval before the first break,
i, 1 = 1,2. As a benchmark we want to find a monopolist’s choice of the timing. Suppose the news
interval before the first break is . The monopolist’s payoff is:

m(x) = c2=2f(x) = f(1 - 2c—x)]

The optimal timing x is characterized by the first order condition:

2f'(wo) = f'(1 — 2c — o) (4)
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Now we want to find the best response for channel 1. There are three cases:

Case (1) Channel 1’s first break is ahead of channel 2’s and there is no overlap between the two
breaks: 0 < z1 < x9 —c.

71 T2 3

Channel 1 [ T I ]
X C C

Channel 2 | I T
T2 C C

r1 = 1 — f(z1) is the audience size of channel 1’s first break. ro = r; + pf(x2) is channel 1’s
audience size when channel 2 shows its first break. And

rg =72 — f(1=2c—x1) + pf(l — 2c — 23)
is channel 1’s audience of its second break. Channel 1’s payoff is:
m(x1) =clri+7r3) =c2—=2f(z1) — f(1 —2c—z1) + pf(x2) + pf(1 — 2¢ — x3)]

Channel 1 chooses 1 € [0, z2 — ¢] to maximize . The first order condition turns out to be exactly
the same as in equation (4), therefore 27 = xy. Considering the constraint x; < 3 + ¢, the final
result is:

when x9 > xg + ¢, ] = 0;

when x9 < xg+c¢, 2] =22 —c.

Case (2) Channel 1’s first break is ahead of channel 2’s and there is an overlap between the two
breaks: max{0,z2 — ¢} < x1 < .

71 T2 T3
Channel 1 [ T ]
T c c
Channel 2 [ 00000 111111111111
T2 c c

r1, ro, r3 are exactly the same as in case (1). Channel 1’s payoff is:

ma(x1) = ri(xe —x1)+ra(c+x1 —x2)+crs
2c+ 2pcf(x2) — pra f(w2) + pef(l — 2¢ — x2)
+pr1 f(22) — 2¢f(21) — cf (1 — 2¢ — 21)

The first order condition is:

;l—ﬂ- =pf(xs) — 2¢f'(x1) +cf (1 —2c—121) =0 (5)
Tl

Let 7 = z(x2) be the solution to the above equation. Let G(z1) = dn/dxy = 0. Then G(zg) =
pf(x2) > 0= G(z). The first equality comes from equation (4). Now G'(z) < 0 by the second order
condition, so z > xg. It is an equality only when p = 0.

Tt is easy to verify that z is decreasing in z5: rewrite equation (5) as:

G(z(x2),w2) = pf(x2) = 2cf'(2) + cf (1 -2¢—2) =0
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Then %—fz’(xg) + g—g = 0. By the second order condition 0G/dz = d?m/dx? < 0. Then 2/(z2) has
the same sign as G /Jxy, which is negative (remember f’ is negative).
Now z} = z(x2). Remember the constraint: o — ¢ < x7 < x9. Let w be the solution of z5 to

29 — ¢ = z(x2), and let y be the solution of x5 to 22 = z(x2). Note that because z is decreasing in
Z2, w > y. The final result in case (2) is:

when zo <y, 2] = xa;

when y < zo < w, 1 = 2(x3);

when xo > w, 7 =2 —c.

Case (3) Channel 1’s first break is behind channel 2’s. It does not matter whether the two breaks
overlap or not. zo <1 <1 -—2c.

T1 T2 rs
Channel 1 [ I T T
T1 c c
Channel 2 [ TN T
To c c

r1=1+pf(x2), ro =711 — f(x1), r3 =12 — f(1 —2c— 21) + pf(1 — 2¢ — x2),
m3(x1) = c(ra+7r3) =c[2+2pf(xe) +pf(1 —2¢—x2) — 2f(x1) — f(1 — 2¢ — 21)]

Like in case (1), the optimal choice of x; does not depend on z3: x} = 9. Combined with the
constraint x1 > xo, this result leads to the conclusion:

when o < xg, 7 = To;

when o > xg, 7 = T2.

Finally, summarizing the optimal choice of x; in the three cases, the following best response for

channel 1 has been reached:

when 0 < z9 < 79, 2] = xp;

when xg <z <y, ] = x2;

when y <z <0, 27 = 2(22);

when v < z9 <1 —2¢, 2] = o,
where v € [y, w] is the solution of x5 to ma(z(z2)) = m3(xp). Since channel 1 and 2 are symmetric,
all of the pure strategy equilibria are characterized by x1 = 22 € [0, y].

Q.E.D.

E Proof of Lemma 7

We study the monopoly first. The monopolist’s payoff is 7(c) = ¢[1 — f(1—¢,c)]. Let the optimal
choice of ¢ be ¢y. It is characterized by the first order condition:
of of >

1—f<1—00,00)200 (———

dec O (6)

We want to find the best response for channel 1 in a duopoly game. Depending on which break is
longer, there are two cases:

32



Case (1) ¢1 < co. Channel 1’s payoff is:
m(c1) =c1 [L+pf(xe,c2) — f(1 —c1,c1)]

The first order condition is:

dm of ﬁ _

dor = LHpfl@se) = fl—aa) —alg: - 55) =

Let the solution be ¢f = y(cz2). Let G(c1) = dn/dey = 0. Then G(cg) = pf(az,c2) > 0 = G(y).
Because G'(c1) = d?m/dc? < 0 by the second order condition, we know y(c2) > cg. It is easy to

0

verify that y is increasing in cs.
Now ¢ = y(c2). Remember the constraint ¢; < co. Let z be the solution of ¢a to y(c2) = ca.
Then z is characterized by:

af  of ]
1(1p)fz[8_018_$1] =0

where f = f(1 — z,2). Since y(co) is greater than g and z is a special point of y, z > . The final
result in case (1) is:

when 0 < ¢y < z, c] = cg;

when z < ¢y <1, ¢f = y(ea).

Case(2) c¢1 > co. Channel 1’s payoft is:

m(c1) =ci [l — f(1 —c1,c1)] + peaf(z2,c2)

Obviously the optimal choice of ¢; does not depend on cy. The first order condition is exactly the
same as equation (6), therefore ¢ = co.
Taking into consideration the constraint ¢; > co, the final result in case (2) is:
when 0 < ¢a < ¢, ¢f = co;
when cop < ca <1, ¢f = ca.

Finally, combining the result of the two cases together, channels 1’s best response is: (remember
z > xg.)
when 0 < ¢y < ¢, ¢f = cp;
when co < ca < 2, ¢f = cg;
when z < ¢y <1, ¢f =y(c2).
Obviously only symmetric choice can be supported as an equilibrium. The two breaks must
have the same length. The range of the equilibrium length is [z, 2].
Q.E.D.

F Proof of Lemma 8

Suppose there is a non-symmetric equilibrium. We have already shown in Lemma 6 that when
c1 = c¢2, any equilibrium must have x1 = x3. So in any non-symmetric equilibrium ¢; # c3. Not
losing generality, assume c; < co. Depending on whether there is an overlap between the two
channels’ first breaks, and which channel’s break comes first, there are four cases:
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Case (1) There is overlap and channel 1 airs first: 1 < x2 < x1 + ¢1. The payoffs are:

™ = C [2 — 2f(33‘1, 01) — f(l — 201 — l‘l,Cl) +pf($2,02) +pf(1 — 202 — .’L‘Q,Cg)]
+p(x1 +c — :L‘Q)f(al‘g, 02)
my = c2[2—=2f(z2,c2) — f(1—2c0 —x2,¢2) + 2pf(x1,01)] + per f(1 —2¢1 — 21, ¢1)

The first order conditions on x; are:

0 0 0

Hene) = 52 = [GE0 -20 —on.e0) — 25 )|+ s, =0
Oma _ (O o o _,9f _
8.%‘2 = C2 |:8a;‘(1 202 LEQ,CQ) 283; (LEQ,CQ):| =0

H(z1,¢2) > H(xg,c2) = pf(xe,c2) > 0 = H(z1,¢1). The first equation has made use of the
first order condition dre/dxe = 0, while the first inequality comes from the fact that 0H/Jxzy =
0?7y /0x3 < 0 by the second order condition, and the fact that x; < xo. However,

OH (z1,c1) of of o°f
e —2%(@,01)4-%(1—201 _xl,cl)—2013x2(1—201 —z1,61)
52
— 7011']0(332’62)72018_{13‘]20(17261 *331,61) <0

The assumption that f(x,c) is additive and separable in z and ¢ is needed in the first equation in
order to get rid of the cross derivatives.2! The second equality comes from the first order condition
Om1/0x1 = 0. By now we have O0H(x1,¢1)/0c; < 0 and H(x1,c2) > H(x1,¢1). Therefore co < ¢y,
which contradicts the assumption.

Case (2) There is overlap and channel 2 airs first: xo < x1 < x2 + ¢2. The payoffs are:
c1[2=2f(x1,c1) = f(1 = 2¢1 —x1,¢1) + 2pf (22, C2) + pf(1 — 202 — T2, C2)]
22 =2f(w2,c2) — f(1 = 2c2 — w2, ¢2) + pf(21,01)]

+per f(1 —2¢1 — @1, ¢1) + p(x2 + 2 — 71) f (21, ¢1)

™ =

T =

The first order conditions are:

0
8i011 = 2-2f(x1,c1) — f(1 = 2c1 — @y, ¢1) + 2pf (22, c2) + pf(l — 2¢c — 22, ¢2)
[ 8 8 8 .
ta _26_£(1 — 20 —@y,01) = Qa_ic(mlvcl) - 3_£(1 —2¢ — $1,C1)_ =0
87r2
a—cz = 2_2f($27C2) _f(]._202 —$2’C2)+pf($1’cl)
[ 3 a 6 .
el _28_£(1 — 202 — 73, 02) *28—&352’82) - 8_]2(1 —2¢5 ,zz’@)_ =0
omy _ 3f 3f B
i 01{ 26$($1,c1)+8x(1 2c1 xl,cl)]_o
0 0 o
a—Zz = C2 |:_26_£($2702) + a_i(]. — 202 — $2702):| +pf($1701) =0

2! This assumption could be dropped if we assume appropriate sign on the cross derivatives. My
guess is, so long as the second order conditions are satisfied to guarantee an interior solution, the
desired sign on OH(x1,c1)/0c1 can always be obtained. For simplicity, let’s stick to the original
assumption.
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Using the same tactics as in case (1), we are able to produce a contradiction. For example, let
G(JL’Q,CQ) = 671'2/662 = 0. Then

G(ri,e1) = pl2f(xr,c1) = 2f(w2,c2) — f(1 —2co — 72, ¢2)]
< 0= G(JL’Q,CQ) < G(l’g,cl)

The first inequality comes from the fact that x1 > z9, ¢ < ¢o and f is decreasing in x; and
increasing in ¢;. The second inequality comes from the fact that ¢; < ¢ and 9G/9c < 0 by the
second order condition. Since dG/dx > 0, we have x1 < 2, thus the contradiction.

Case (3) There is no overlap and channel 1 airs first: 21 + ¢; < x2. The payoffs are:

T = c2-2f(x1,6c1) — f(1—2¢c1 —21,¢1) +pf(xa,c2) + pf(1 —2¢, 22, ¢2)]
c2[2—2f(w2,c2) = f(1 = 2co —w2,¢2) + 2pf (21, c1)] +per f(1 —2¢1 — 21, ¢1)

T2

1 and xo must satisfy the following first order conditions:

0

2%(1'1,01) = 6—£(1—2C1—$1,C1)
0

2%(1'2,02) = 6—£(1—2C2—$2,C2)

They are the same functions except in the ¢;. In other words, z; = g(¢;) for i = 1,2. It is easy to
verify that x; is decreasing in ¢;. Now ¢; < ¢o. So x1 > X2, thus the desired contraction.

Case (4) There is no overlap and channel 2 airs first: 2o + ¢o < 1. The payoffs are:

T = c[2-2f(x1,c1) — f(1 —2¢c1 —x1,¢1) +2pf (22, ¢2) + pf(1 — 2¢2, 22, ¢2)]
Ty = c2[2—2f(w2,c2) = f(1 —2co —x2,¢2) + pf(x1,c1)] + per f(1 —2¢1 — 21, ¢1)

The first order conditions are the same as in case (3). x; = g(¢;) for i = 1,2. It is easy to verify
that y; = 1—2¢;—x; = h(c;) is also decreasing in ¢;. But ¢; < ca. So y1 > yo, again the desired
contradiction.

Combining all of the four cases, we reach the conclusion that non-symmetric situation could

never be supported as an equilibrium.
Q.E.D.
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