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a b s t r a c t
In many categories, consumers purchase discrete quantities of multiple varieties. For example,
when doing grocery shopping for cereals, consumers may purchase in each category three
units of brand A, four of brand B, and one of brand C. These decisions are often inﬂuenced
by nonlinear pricing strategies such as quantity discounts. Modeling such multiple-discrete
choices is challenging, as they violate assumptions of standard choice models. In this research,
the author introduces a computationally attractive choice model that simultaneously captures
1) variety, 2) discrete quantity, and 3) nonlinear pricing strategies, such as quantity discounts.
The model assumes that consumers maximize variety of the choice outcome, while taking into
account constraints on utilities of alternatives. Application of the proposed model to two
datasets demonstrates the superior ﬁt compared to several rival models. Counterfactual analyses demonstrate that the model is a valuable tool for assortment and pricing decisions.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction
Choices of variety and discrete quantity are common in nearly every product category. For instance, when doing grocery shopping, consumers buy multiple varieties of yogurts, soft drinks and cereals. Likewise, customers of an ice-cream store may buy two
scoops of chocolate and one scoop of strawberry. Marketers often stimulate these variety and quantity decisions by nonlinear pricing strategies, such as set menus in restaurants, quantity discounts, bundling promotions and waiving shipping fees for larger orders in online retail stores (Foubert & Gijsbrechts, 2007; Lewis, Singh, & Fay, 2006). Although multiple-discrete choices of variety
and quantity are common, and understanding them is vital for optimizing marketing mix decisions, analyzing such data is challenging as the choice model needs to capture the following three important features. First, it needs to incorporate the possibility
that consumers choose multiple products at the same time. Second, as in the examples above, demand for quantity is usually discrete. Third, given that the unit price of a product often depends on the quantity and variety chosen, it is important for the choice
model to accommodate nonlinear pricing strategies. Standard choice models assume that consumers choose only one unit of one
product, and are, thus, not able to analyze variety and quantity choices simultaneously. Although there is an extensive body of research that extended standard choice models, they have become computationally burdensome as the complexity grows
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exponentially in the number of alternatives. The goal of this research is to develop a new, computationally attractive, simultaneous
choice model that is able to capture 1) discrete quantities, 2) variety, and 3) nonlinear pricing strategies, and does not involve a
complex optimization strategy.
To capture multiple-discrete choices of variety and quantity, previous research has extended economic demand models of consumer choice (Hanemann, 1984). In these models, consumers are assumed to maximize utility subject to budget constraints. Maximizing
utility is a complex task and demands high cognitive effort (Bettman, Luce, & Payne, 1998), which becomes even harder if consumers
consider choices for variety and quantity. As a consequence, the computational complexity of extended economic demand models has
become nondeterministic polynomial-time hard (NP-hard) (Howell, Lee, & Allenby, 2016; Lee & Allenby, 2014) and can, therefore,
only be applied to situations with a limited number of alternatives (Kim, Allenby, & Rossi, 2002). To reduce computational complexity,
previous research decomposed the choice task into simpler tasks, such as quantity ﬁrst and then choice decisions (Dubé, 2004; Foubert
& Gijsbrechts, 2007; Gupta, 1988; Harlam & Lodish, 1995). Although these quantity-then-choice models allow for variety and discrete
quantity decisions, they assume that consumers solve the different subtasks in isolation, which may lead to suboptimal decisions (Kim,
Telang, Vogt, & Krishnan, 2010) and biased parameter estimates (Campo, Gijsbrechts, & Nisol, 2003).
This research introduces an alternative modeling approach for multiple-discrete choices of variety and quantity. The approach
is based on theories of consumer choice that show that consumers often prefer variety when choosing more than one product,
even if this leads to choosing less preferred alternatives (Ratner, Kahn, & Kahneman, 1999; Zeithammer & Thomadsen, 2013).
Hence, instead of the objective to maximize utility, the proposed model assumes that consumers maximize variety of their choice
subject to constraints on utility. An important feature of the proposed model is that the variety maximization objective is relatively
easy to solve and its computational complexity grows only linearly in the number of alternatives. This makes estimation of the
proposed model feasible to large assortments, which is also consistent with the limited computational capabilities of decision
makers (Bettman et al., 1998). Two empirical applications demonstrate that the proposed model efﬁciently captures choices for
variety and discrete quantity. The ﬁrst empirical application focuses on a relatively small choice problem, which allows a comparison with recently developed economic choice models (Lee & Allenby, 2014) as well as quantity-then-choice models. Surprisingly,
despite the reduction in computational complexity, these model comparisons (both in-sample and holdout prediction samples)
demonstrate that the proposed model predicts choices much more accurately. In a second empirical application, we demonstrate
that the proposed model can be applied to situations that are infeasible for existing economic choice models, containing many
choice alternatives and a nonlinear pricing strategy. Counterfactual analyses in this empirical application demonstrate that the proposed methodology is a useful tool for strategic assortment and (nonlinear) pricing optimization decisions.
2. Literature review of models for variety and quantity choices
Modeling consumer choice can be challenging, especially when choice data is lumpy, containing many zeros (corner solutions)
and discrete purchase quantities (Chintagunta & Nair, 2011). As a consequence, researchers need to make simplifying assumptions
about consumers' choice rules. Previous research mostly assumed that consumers assign utilities to all choice alternatives and
choose the alternative with maximum utility, as in the multinomial logit/probit model (McFadden, 1974), or all products for
which the utility passes a certain threshold, as in the multivariate probit model (Duvvuri, Ansari, & Gupta, 2007; Gentzkow,
2007; Manchanda, Ansari, & Gupta, 1999). Although these models do not allow for purchase quantity decisions, it is possible to
deﬁne each possible choice bundle as a single outcome of a choice model (Bradlow & Rao, 2000; Niraj, Padmanabhan, &
Seetharaman, 2008; Russell & Petersen, 2000). This approach also allows for quantity discounts, but the number of possible choice
bundles grows exponentially in the number of choice alternatives and quantities, enabling feasible analysis of choices only for few
alternatives and small quantities.
A popular approach to model quantity decisions is due to Hanemann (1984), and is based on economic demand models. In
these models, consumers maximize utility subject to a budget constraint. Consumers are assumed to optimally spend their budget
on at most one of the choice alternatives and an outside good. This model has been extensively applied in the marketing literature
(Arora, Allenby, & Ginter, 1998; Chiang, 1991; Chintagunta, 1993). However, these demand models have certain limitations, as
they allow for the choice of at most one product (in addition to the outside good), and thus assuming that products are perfect
substitutes. Furthermore, they assume that quantity decisions are continuous (Chintagunta & Nair, 2011, p. 981) and they do
not allow for nonlinear pricing strategies.
Several researchers have extended the basic versions of consumer demand models to accommodate these limitations. First,
continuous quantity decisions of multiple products have been incorporated. For instance, Song and Chintagunta (2007) assumed
that consumers shop in multiple categories and choose at most one alternative in each category, while allowing for substitution
and complementarity between categories. Others incorporated satiation effects in quantity decisions, which may result in the
choice of multiple products (Bhat, 2008; Kim et al., 2002; Wales & Woodland, 1983). Second, previous research extended the
basic demand model to allow for discrete quantity decisions. For instance, Lee and Allenby (2014) developed a direct utility
model that allows for discrete quantities of multiple products, where the choice of multiple products is due to satiation effects.
Based on this model, Lee, Kim, and Allenby (2013) allowed for multiple category choices, in which alternatives within a category
are assumed to be substitutes, but between categories are allowed to be complements. Third, speciﬁc forms of nonlinear pricing
strategies have been incorporated. Allenby, Shively, Yang, and Garratt (2004) incorporated quantity discounts in discrete quantity
decisions, but assumes that consumers choose only one product. Howell et al. (2016) allow for variety and quantity decisions and
incorporate quantity discounts for situations in which the price per unit of a speciﬁc product decreases after a certain quantity
threshold. Both models do not allow for bundled promotions or waiving shipping fees, in which discounts are a function of
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combination of products. Moreover, these models have become increasingly complex, which not only makes them difﬁcult to estimate on choice sets with many alternatives, but also assumes an excessive computational burden on the consumer's cognitive
system (Bettman et al., 1998).
To reduce model complexity, previous research has tried to decompose the choice task into simpler subtasks. One popular approach is to assume that purchase quantity and choice are independent decisions (Gupta, 1988). Follow up research extended this
approach and allowed for correlated error terms between the quantity and choice decisions (Bell, Chiang, & Padmanabhan, 1999;
Krishnamurthi & Raj, 1988; Zhang & Krishnamurthi, 2004). A second approach assumes that consumers ﬁrst make quantity decisions, and conditional on quantity make choice decisions. For instance, Harlam and Lodish (1995) assumed that quantity is given,
and that consumers make repeated choices that follow a logit model. Dillon and Gupta (1996) extended this quantity-then-choice
approach and modeled purchase quantity by a zero-truncated Poisson distribution. Foubert and Gijsbrechts (2007) extended this
approach to capture nonlinear pricing strategies for bundle promotions. Similarly, Dubé (2004) modeled the number of future consumption occasions as a Poisson process and developed a demand model with discrete quantity decisions that conditions on these
occasions (see also Hendel, 1999). These approaches have simpliﬁed the choice process while allowing for multiple-discrete
choices of variety and quantity. However, they all decompose the choice problem into different subtasks that are solved separately
under different constraints and assumptions, which may lead to suboptimal decisions (Kim et al., 2010).
3. Model development
This section introduces a new approach to capture multiple-discrete choices of quantity and variety, which assumes that consumers maximize the variety of the choice outcome, while taking into account the utility of choice alternatives. This objective is
based on theories of consumer choice that show that consumers often seek variety when choosing multiple options from a choice
set (Ratner et al., 1999; Ratner & Kahn, 2002; Zeithammer & Thomadsen, 2013). There are various explanations for why consumers prefer variety, such as anticipated satiation (Read & Loewenstein, 1995), the need for stimulation and exploring new options (Raju, 1980; Zeithammer & Thomadsen, 2013), uncertainty about future preferences (Simonson, 1990), and social pressure
(Ratner & Kahn, 2002). The proposed model formulates the variety maximization goal as a lexicographic optimization problem
(Hooker & Williams, 2012; Stidsen, Andersen, & Dammann, 2014), which allows consumers to select their preferred choice bundle,
subject to utility constraints. The constraints assure that utilities exceed prices in addition to costs (or beneﬁts) caused by substitution (complementarity) between alternatives in the choice outcome. The proposed optimization problem can be efﬁciently
solved using a sequential optimization algorithm, which allows it to apply the model to large assortments. Moreover, restricted
versions of the model enclose several important choice models, such as the multinomial and ordinal probit models as demonstrated in Web Appendix A.
Next, we ﬁrst introduce an example of a customer in an ice-cream store who decides to choose different scoops of ﬂavors. This
example, which is also the context of the second empirical application, involves variety, discrete quantity and a nonlinear pricing
strategy. Second, using this example, we introduce the proposed model. Third, an algorithm is presented that efﬁciently solves the
optimization problem of the proposed model. Finally, we discuss identiﬁcation and estimation of the model.
3.1. Example of a choice problem
Consider a consumer c on shopping trip i visiting an ice-cream store that contains J different ﬂavors. For simplicity, assume that
J = 3 (Chocolate, Strawberry, and Vanilla), and that the price pcij(qci) of a scoop of ﬂavor j depends on the number of chosen
scoops qci = {qci1, qci2, qci3}, with qcij ∈ {0, 1, 2, …} representing the number of scoops of ﬂavor j. For example, the price of the
ﬁrst scoop may equal $2, and the second scoop onwards $1. In this situation, a cone containing two scoops of chocolate and vanilla, and one scoop of strawberry (i.e., qci = {2,1,2}) is priced at $6, with the corresponding average price of one scoop of ﬂavor j
equal to pcij ðqci Þ ¼ P J 6
¼ 65 ¼ 1:20. The task of this consumer is to buy a combination of scoops qci = {qci1, qci2,qci3}. Although
k¼1

qcik

this seems to be a simple example, note that previously discussed economic demand models are not able to capture this situation,
as it contains 1) choice of variety, 2) discrete quantities, and 3) nonlinear pricing for a combination of ﬂavors.
3.2. The model
3.2.1. Utility of alternatives
Similar to previous choice models, we assume that consumer c at shopping trip i assigns utilities ucij to each of the J ﬂavors that
are deﬁned as follows:
0

ucij ¼ xcij βc þ εcij ; ∀j∈f1; …; J g:

ð1Þ

In Eq. (1), xcij and βc are (K × 1)-vectors containing, respectively, observed consumer, shopping trip, product characteristics,
and interactions between these factors (xcij) and their corresponding importance (βc), and εcij is an error term. In the ice-cream
example, xcij could represent dummy variables for each ﬂavor (i.e., xcijk = 1, if k = j, zero otherwise) and βck represents consumer
c's preference for ﬂavor k = j. Because of its ﬂexibility compared to the extreme value distribution, the vector of disturbance terms
εci is assumed to follow a multivariate normal distribution with mean zero and covariance matrix Σ.
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3.2.2. The variety optimization objective
Previous choice models mostly assume that consumers aim to maximize the sum of utilities of chosen alternatives. Under this
assumption, the utility structure in Eq. (1) implies that consumers select only one alternative j (Chiang, 1991; Kim et al., 2002). To
accommodate variety choices under this assumption, previous research adjusted the utility speciﬁcation in Eq. (1) to reﬂect a speciﬁc process that leads to variety choices, such as satiation (Bhat, 2008; Kim et al., 2002; Lee & Allenby, 2014) or different future
consumption preferences (Dubé, 2004). While these speciﬁc utility speciﬁcations lead to variety choices, they also strongly increase the computational complexity (Kim et al., 2002). Moreover, there are many other reasons for variety choices. Examples
are the need for stimulation and exploring new options (Raju, 1980), social pressure (Ratner & Kahn, 2002), buying for others
(Choi, Kim, Choi, & Yi, 2006), a desire to balance attributes across alternatives (Farquhar & Rao, 1976), and higher retrospective
evaluations of variety choices (Ratner et al., 1999). Assuming one speciﬁc underlying process for variety decisions, may therefore
result in a suboptimal model if the assumed underlying process is incorrect. In this research, instead of modifying the utility function (Eq. (1)) to capture a speciﬁc process leading to variety choices, we assume that consumers aim to maximize variety prior to
utility. This assumption corresponds to empirical observations that show that consumers prefer variety when their purchase volume increases (Simonson & Winer, 1992).
There are several ways to measure variety V(qci,uci) of a choice outcome qci. Examples are entropy, dispersion and association
between attributes of products (Swait & Marley, 2013; van Herpen & Pieters, 2002). These measures assume that each product can
be decomposed into attributes, which is difﬁcult in many relevant choice situations including the ice-cream example (Kim et al.,
2002, p. 231). Moreover, these measures do not take into account replicates of choice combinations, i.e., consumers perceive less
variety when facing a choice bundle containing one scoop of three ﬂavors each, compared to a choice bundle with two scoops of
three ﬂavors (Kahn & Wansink, 2004). Therefore, we use the actual variety measure proposed by Kahn and Wansink (2004),
which consist of two components: 1) the number of different ﬂavors j, and 2) the number of replicated ﬂavor combinations.
This variety measure can be expressed as follows:
0
V ðqci ; uci Þ ¼ Lex max @qcið J Þ ; qcið J−1Þ ; …; qcið1Þ ;

1

X 
ucij −pcij ðqci Þ  qcij A:

ð2Þ

j:qcij N0

In Eq. (2), qci(j) is the j-th order statistic of selected quantities, such that qci(j + 1) ≤ qci(j), and ‘Lex max’ represents the lexicographic maximization function (Hooker & Williams, 2012; Stidsen et al., 2014). The lexicographic maximization function entails
X
ðucij −pcij ðqci Þ  qcij ÞÞ are maximized in the order in which they appear and
that the J + 1 expressions ðqcið JÞ ; qcið J−1Þ ; …; qcið1Þ ;
j:qcij N0

that expression j has priority over expression j + 1 (Stidsen et al., 2014). In other words, the variety V(qci, uci) of a choice bundle
increases if the quantity of the least chosen alternative qci(J) increases. Subsequently, if the least chosen alternative is maximized,
variety increases if the second least chosen alternative qci(J − 1) increases, etc. Finally, given the lexicographically maximized choice
X
ðucij −pcij ðqci Þ  qcij Þ. In conquantities qci, consumers aim to choose those alternatives that maximize utility relative to the price
j:qcij N0

trast to previous demand models that multiply quantity and utilities in the utility maximization objective, the utility of the choice
outcome ucij only depends on whether an alternative j is selected (i.e., qcij N 0), but does not depend on the speciﬁc quantity level
itself. Thus, in our model, quantity decisions are driven by the variety maximization objective as well as utility constraints, which
we will discuss below.
In the example above, assume that the utilities of chocolate, strawberry, and vanilla are, respectively, uci = (3.3;1.75; 3.1). A consumer choosing qci = {3, 2,3} obtains a variety that equals V(qci, uci) = (2, 3, 3,−0.85). This choice outcome has more variety than a
bundle containing three scoops of chocolate, one scoop of strawberry and three scoops of vanilla qci = {3, 1, 3} (i.e., V(qci, uci) =
(1, 3,3,0.15)). Although the latter choice outcome has a larger utility-price difference, the quantity of the least chosen alternative is
lower (qci(J) equals 1, vs. 2 for the ﬁrst choice outcome), resulting in a lexicographically lower variety measure (i.e.,
(1, 3,3,0.15)blex(2, 3,3, −0.85), with blex representing lexicographic inequality).
3.2.3. Utility constraints
Without any constraints, the variety maximization objective (Eq. (2)) does not have a solution, because increasing choice quantities always increases variety. Obviously, such solutions are infeasible as they exceed the budget constraints of consumers. Therefore, following standard assumptions of choice models, the utilities of chosen alternatives need to exceed thresholds that are a
function of the costs for the consumer. While previous research mostly considered prices to reﬂect these costs, consumers also
face other costs, such as inventory and search costs (Satomura, Kim, & Allenby, 2011). When choosing varieties, consumers
incur costs by forgoing a preferred alternative for a least preferred alternative (Ratner et al., 1999). In the context of coupon redemption choices, Bawa and Shoemaker (1987) termed this “substitution costs”, and we follow their terminology. In our model,
consumers will only increase variety if adding an alternative exceeds the additional substitution costs. Hence, substitution costs
may prevent customers from selecting all alternatives, even if their utilities exceed the price constraint. However, in some situations adding variety could lead to beneﬁts if the alternatives are complements (Manchanda et al., 1999). In such situations, substitution costs become negative.
To capture substitution costs between m different ﬂavors, substitution parameter γcm is introduced, m ∈ {2,…,M}, with M N 1
and M ≤ J the maximum order of substitution. This parameter represents consumer c's perceived substitution costs between

246

R. van der Lans / International Journal of Research in Marketing 35 (2018) 242–257

combinations of m different ﬂavors. In this research, we assume that perceived substitution costs depend on the number of ﬂavors
in the choice bundle, but not on the speciﬁc ﬂavors in the choice bundle. While this is potentially a strong assumption for categories that contain both substitutes and complements, in many categories substitution effects do not vary strongly if alternatives
are similarly priced and branded (Horváth & Fok, 2013; Sethuraman, Srinivasan, & Kim, 1999).1 Importantly, this assumption signiﬁcantly reduces computational complexity, as the number of substitution parameters γcm would otherwise grow exponentially
with the number of alternatives. Under these assumptions, the m-th order substitution costs S(m)
(qcij,qci, − j; γc) between qcij scoops
j
of ﬂavor j and qci, − j = {qci1,…, qci, j − 1,qci, j + 1,…, qciJ} scoops of all other ﬂavors, depend on 1) the number of different ﬂavors in
the choice bundle, and 2) the number of replicated ﬂavor combinations, and is deﬁned as follows:
ðmÞ

Sj



X
qcij ; qci;− j ; γc ¼ γ cm
…
j1 ≠ j

X
jm ∉f j; j1 ;…; jm−1 g



min qcij ; qcij1 ; …; qcijm :

ð3Þ

Subsequently, the total substitution costs Stot
j (qcij,qci, − j;γc) between qcij scoops of ﬂavor j and qci, − j = {qci1,…,qci, j − 1,qci, j + 1,…,qciJ}
scoops of all other ﬂavors are the sum over all orders m of substitution costs:
tot

Sj

M

 X


ðmÞ
qcij ; qci;− j ; γc ¼
S j qcij ; qci;− j ; γ c :

ð4Þ

m¼2

(qcij,qci, − j; γc) and Stot
To illustrate the substitution costs S(m)
j
j (qcij,qci, − j; γc) for ﬂavor j in Eqs. (3) and (4), consider an example
in which a consumer chooses qci = {2, 1,2} and assume that γc2 = 0.25 and γc3 = − 0.10. Applying Eq. (3) to chocolate (j = 1),
the second-order substitution costs are γc2 ⋅ (min(qci1, qci2) + min (qci1, qci3)) = 0.25 ⋅ (1 + 2) = 0.75, and the third-order substitution costs are γc3 ⋅ min (qci1,qci2,qci3) = − 0.10 ⋅ 1 = − 0.10. Hence, the total substitution costs Stot
j (qcij,qci, − j; γc) between
chocolate and the other two ﬂavors are 0.75–0.10 = 0.65 (see Eq. (4)). Similarly, applying Eq. (3) to strawberry (j = 2) results in
second-order substitution costs of γc2 ⋅ (min(qci2, qci1) + min (qci2, qci3)) = 0.25 ⋅ (1 + 1) = 0.50, and third-order substitution
costs of γc3 ⋅ min (qci1,qci2,qci3) = − 0.10 ⋅ 1 = −0.10. Hence, applying Eq. (4) results in total substitution costs between strawberry and the other two ﬂavors of 0.50 − 0.10 = 0.40. Finally, the substitution costs between vanilla and the other ﬂavors equal
that of chocolate.
Taking
Xinto account price and substitution costs, the utilities ucij of individual ﬂavors and the sum of all utilities in the choice
bundle
ucij need to satisfy the following constraints:
j:qcij N0
tot

ucij ≥pcij ðqci Þ  qcij þ S j

X
j:qcij N0

ucij ≥

J
X
j¼1



qcij ; qci;− j ; γc ; ∀j : qcij N0;

ðmÞ

pcij ðqci Þ  qcij þ

J X
M S
X
j
j¼1 m¼2



qcij ; qci;− j ; γc
m

ð5Þ

:

ð6Þ

Eq. (5) implies that, if ﬂavor j is chosen (qcij N 0), the utility ucij of ﬂavor j needs to exceed the price pcij(qci) ⋅ qcij of qcij scoops of
ﬂavor j in addition to the perceived substitution costs between ﬂavor j and the other ﬂavors in the choice bundle. Similarly, Eq. (6)
P
implies that the sum of utilities of selected ﬂavors needs to exceed the total price Jj¼1 pcij ðqci Þqcij in addition to the total substitution costs between all possible combinations of ﬂavors. To avoid double counting substitution costs, all m-th order substitution
costs are divided by m.
Inequalities (5) and (6) capture two important features of multiple discrete choices: 1) substitution and complementarity between alternatives, and 2) a rationale for providing quantity discounts. First, to capture substitution and complementarity, an important property of inequality (6) is that is always satisﬁed if inequality (5) is satisﬁed and γ ≥ 0. However, if alternatives are
complements (i.e., γ b 0), satisfying Eq. (5) does not imply that Eq. (6) is satisﬁed. This captures potential indifferences between
no-choice and choice of two (or more) alternatives, an important property of complementarity (Gentzkow, 2007). To demonstrate2 this, imagine that the utilities of two alternatives j and j′ satisfy inequalities (5) but not inequality (6). If the utility
(price) of alternative j increases (decreases) such that inequality (6) is satisﬁed, this consumer will purchase both alternatives j
and j′. Hence, the choice of alternative j′ depends on the utility and price of alternative j, which reﬂects complementarity
(Gentzkow, 2007; Manchanda et al., 1999). Second, while previous research assumed satiation effects to rationalize quantity discounts, our model rationalizes quantity discounts through the utility thresholds (5) and (6). These thresholds capture the change
in marginal costs caused by quantity discounts (Lewis et al., 2006). Moreover, while choosing higher quantities results in higher
utility thresholds, utilities ucij do not change as a function of purchase quantity. This assumption is in line with independent
models of quantity and choice, which modeled quantity decisions using ordinal regression models (Gupta, 1988).
To illustrate the constraints on utilities (5) and (6) numerically, consider again the example with γc2 = 0.25 and γc3 = − 0.10,
and qci = {2, 1, 2}. According to Eq. (5), the utilities of chocolate and vanilla need to exceed pcij(qci) ⋅ qcij + Stot
j (qcij,qci, − j; γc) =
(1.20 ⋅ 2) + 0.65 = 3.05, and that of strawberry (1.20 ⋅ 1) + 0.40 = 1.60. Subsequently, Eq. (6) indicates that the sum of utilities
1
2

In both empirical applications, alternatives are similarly priced and from the same brand.
See Web Appendix A for a detailed graphical illustration of inequalities (5) and (6) and how they capture substitution and complementarity.
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needs to exceed

PJ
j¼1

pcij ðqci Þqcij þ

PJ

PM
m¼2

j¼1

ðmÞ

S j ðqcij ;qci;− j ;γc Þ
.
m

The price of the choice outcome equals

þ2Þ ¼ 6. The sum of all second-order substitution costs equals
substitution costs equals

PJ
j¼1

ð3Þ
S j ðqcij ;qci;− j ;γ c Þ

3

PJ
j¼1

ð2Þ
S j ðqcij ;qci;− j ;γc Þ

2

247

PJ
j¼1

pcij ðqci Þqcij ¼ 1:20  ð2 þ 1

¼ 0:75þ0:50þ0:75
¼ 1, and the sum of all third-order
2

¼ −0:10−0:10−0:10
¼ −0:10. Hence, the sum of utilities needs to exceed 6.90.
3

3.2.4. The maximization problem
Combining Eqs. (1) to (6), customer c solves the following lexicographic optimization problem to select qci at shopping trip
i:
0
Lex max @qcið J Þ ; qcið J−1Þ ; …; qcið1Þ ;

j:q N0

cij

qcij ; qci;− j ; γc ; ∀ j : qcij N0;


ðmÞ
J
J X
M S
qcij ; qci;− j ; γc
X
X
X
j
;
ucij ≥
pcij ðqci Þ  qcij þ
m
j:q N0
j¼1
j¼1 m¼2

tot

subject to ucij ≥pcij ðqci Þ  qcij þ S j



1

X 
ucij −pcij ðqci Þ  qcij A
ð7Þ

cij

qcij ∈f0; 1; 2; …g; ∀j ¼ 1; …; J:

The optimization problem in Eq. (7) requires customers to simultaneously maximize variety V(qci,uci) while taking into account
constraints on utilities of alternatives. This objective follows quantity-then-choice models that have been widely adopted in the
literature to model multiple-item choices (e.g., Bucklin & Gupta, 1992; Dillon & Gupta, 1996; Dubé, 2004; Foubert & Gijsbrechts,
2007; Harlam & Lodish, 1995; Hendel, 1999). An important difference between the choice principle in Eq. (7) and quantitythen-choice models is that the variety decision is not independent from the utility maximization decision. The variety decision
that determines quantities, directly affects utility through the restrictions of the optimization approach, while quantity-then-choice
models assume that these are independent. Compared with direct utility models that only focus on utility maximization (Kim et
al., 2002; Lee & Allenby, 2014), the proposed model keeps a simple additive linear utility structure as in Hanemann (1984) and
Chiang (1991). This keeps the number of parameters manageable and signiﬁcantly reduces computational complexity, making it
applicable to situations with many alternatives (Dubé, 2004). Moreover, the reduction in complexity allows us to estimate a full
covariance matrix Σ of the error terms, while many demand models assume independent and identically distributed (i.i.d.) errors
(Kim et al., 2002; Lee & Allenby, 2014). Covariances of the error term are important in variety decisions and may capture co-incidence effects, which is “the set of all reasons except purchase complementarity and consumer heterogeneity that could induce
joint purchase of items across categories” (Manchanda et al., 1999, p. 98). Examples of co-incidence are economic (spreading
costs of a shopping trip across many items), habit, mood, time pressure, physical store environment, or any other unobserved reasons that increases joint purchases.
Finally, Web Appendix A illustrates that restricted versions of the proposed model are equivalent to popular choice models,
such as the multinomial probit model (Chintagunta, 1992), speciﬁc versions of the multivariate probit model (Gentzkow, 2007;
Manchanda et al., 1999), and the multivariate ordinal probit model (Lee & Allenby, 2014).
3.3. An efﬁcient sequential optimization algorithm
Solving multi-objective optimization problems, such as the lexicographic optimization problem in Eq. (7), can be challenging
(Ehrgott & Gandibleux, 2000; Stidsen et al., 2014). Interestingly, model (7) allows for a simple and efﬁcient sequential optimization approach that is summarized in Fig. 1. If the r.h.s of Eqs. (5) and (6) are increasing functions of quantity, a condition that is
met when total the total price is an increasing function of quantity,3 this algorithm provides the optimal solution.
The algorithm is initialized by starting with an empty choice bundle qci = 0. After the initialization, the algorithm searches for
multivariate binary choice bundles yci = {yci1, yci2,...,yciK}, ycij ∈ {0, 1}, with maximum variety that satisfy restrictions (5) and (6). If
P
this binary choice bundle is non-empty (i.e., Jj¼1 yci N0), the algorithm updates choice quantities qci by adding the binary choice
bundle to the current choice quantities (i.e., qci + yci). Given the updated qci, the algorithm returns to the multivariate binary
choice step and aims to ﬁnd a new choice bundle yci with maximum variety that satisﬁes restrictions (5) and (6). This process
continues until yci is empty, in which case the optimal choice outcome equals qci. Note that it is relatively straightforward to
solve the lexicographic maximization problem in the multivariate binary choice step. After ranking choice alternatives in decreasing order according to their difference between utility and price (i.e., ucij − pcij(qci + 1)), it involves checking restrictions (5) and
(6) for up to J possible binary choice outcomes. Moreover, under the assumptions that the r.h.s. of inequalities (5) and (6) are increasing functions of quantity, if a speciﬁc choice bundle yci does not satisfy inequalities (5) or (6) in a speciﬁc iteration, it won't
satisfy this inequality in any subsequent iteration.
3
The algorithm also does not converge if γ is too negative (i.e., complementary beneﬁts are much higher than the price of adding two alternatives). In the estimation
algorithm, γ is drawn from a truncated distribution to avoid such cases (see Web Appendix B).
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Fig. 1. Sequential optimization procedure.

3.3.1. Illustration of the optimization algorithm
Consider again the ice-cream example with three ﬂavors (J = 3), and a consumer c at shopping trip i with utility vector uci =
(3.3; 1.75; 3.1) and substitution parameters γc2 = 0.25 and γc3 = − 0.10. The ranking of the J alternatives in decreasing order in
the difference between utilities and prices results in the following order: {1, 3,2}. In the multivariate binary choice step of the ﬁrst
iteration, both inequalities (5) and (6) are satisﬁed after initializing qci = 0 and when yci = {1, 1,1}. In this case, all utilities uci
4
exceed pcij ðqci þ yci Þ  ðqcij þ ycij Þ þ Stot
j ðqcij þ ycij ; qci;− j þ yci;− j ; γ c Þ ¼ 3  1 þ 0:25ð1 þ 1Þ−0:10  1 ¼ 1:73 , and the sum of utilities
ðmÞ
P
P P
S ðqcij þycij ;qci;− j þyci;− j ;γ c Þ
0:13
(8.15) exceeds 3j¼1 pcij ðqci þ yci Þ  ðqcij þ ycij Þ þ 3j¼1 3m¼2 j
¼ 43 ð1 þ 1 þ 1Þ þ 0:53
m
2 − 3 ¼ 4:65. Using the multivariate binary choice yci = {1,1, 1}, results in qci = {1, 1, 1} after updating the choice quantities. In the next multivariate binary
choice step of the second iteration, inequality (5) is not satisﬁed for uci2 and uci3 when yci = {1, 1,1} (i.e., the rhs of inequality
(5) equals 76  2 þ 0:25ð2 þ 2Þ−0:10  2 ¼ 3:13). However, when yci = {1, 0, 1}, this equality is satisﬁed by both uci1 and uci3 (i.e.,
the rhs of inequality (5) equals

6
5

 2 þ 0:25ð2 þ 1Þ−0:10  1 ¼ 3:05). Similarly, inequality (6) is satisﬁed when yci = {1, 0, 1} as

the sum of utilities (8.15) exceeds the rhs of inequality (6) (i.e., 65  5 þ 0:75þ0:5þ0:75
− 0:3
2
3 ¼ 6:9). After updating quantities in the second iteration, qci = {2,1, 2}. In the subsequent multivariate binary choice step of the third iteration, inequality (5) is not satisﬁed
for both uci1 and uci3 when yci = {1, 0,1} (i.e., the rhs of inequality (5) equals 87  3 þ 0:25ð3 þ 1Þ−0:10  1 ¼ 4:33). Similarly, for
yci = {1, 0,0} inequality (5) is not satisﬁed (i.e., uci1 ¼ 3:3b 76  3 þ 0:25ð2 þ 1Þ−0:10  1 ¼ 4:15). Hence, the binary choice step in
the third iteration leads to an empty choice set, yci = {0,0,0}, which terminates the algorithm and leads to ﬁnal choice outcome
qci = {2,1,2}.
3.4. Identiﬁcation
Similar to probit models, identiﬁcation of the proposed model needs to consider invariance to location and scale transformations of the parameters and utilities u, common to latent variable models (Albert & Chib, 1993; Gentzkow, 2007). In contrast to
the probit model in which the thresholds are parameters, the thresholds in the proposed model are determined by the prices
of the alternatives as speciﬁed in Eqs. (5) and (6). Consequently, the location of the thresholds cannot be moved or rescaled,
and thus the proposed model is identiﬁed for location and scale transformations without the need to put any restrictions on
the parameters.4 To illustrate this, consider a market with two products A and B with prices pA and pB, respectively. For simplicity,
4

Identiﬁcation of the scale is similar to surplus models that set the price coefﬁcient to unity (Jedidi, Jagpal, & Manchanda, 2003).
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assume that products A and B are neither complements nor substitutes, such that γ2 = 0. In this case, Eqs. (5) and (6) imply that a
customer will choose qA units of product A if its utility uA satisﬁes the following conditions pAqA ≤ uA b pA(qA + 1). Similarly, this
customer chooses qB units of product B if the utility uB of product B satisﬁes pBqB ≤ uB b pB(qB + 1). Note that identiﬁcation of the
scale makes estimation of the parameters relatively straightforward compared to the probit model, as there are no restrictions on
the covariance matrix Σ (Albert & Chib, 1993; McCulloch, Polson, & Rossi, 2000).
The remaining challenge is to identify both the substitution parameters γ and the covariance of the error terms Σ, because both
parameters may affect the correlations between quantity decisions q. Interestingly, whereas both parameters affect correlations beP
tween quantity decisions, their effects on the sum of quantities Jj¼1 q j and the probability of no choice vastly differ, which identiﬁes γ and Σ. To illustrate this intuitively, consider again a market with two products A and B. In this market, higher values
between the covariance of the error terms σAB result in higher correlations r(qA, qB) between choice quantities qA and qB. Similarly,
r(qA,qB) also increases if γ2 decreases, because products A and B become stronger complements (or weaker substitutes). In contrast, the sum of choice quantities qA + qB is negatively affected by γ2, whereas the effect of σAB on qA + qB depends on γ2. If
γ2 = 0, qA + qB is unaffected by σAB, whereas qA + qB is positively (negatively) affected by σAB if γ2 is negative (positive), as substitution and complementarity effects are ampliﬁed by positively correlated preferences. Another difference is the effect of σAB and
γ2 on the probability of no choice p(qA + qB = 0). Whereas, p(qA + qB = 0) increases in σAB, this probability does not change for
different levels of substitution (i.e., positive values of γ2). However, for negative values of γ2, p(qA + qB = 0) decreases when γ2
becomes more negative. In this case, products A and B become stronger complements and are therefore more likely to be chosen
(i.e., the thresholds to choose both products A and B in Eqs. (5) and (6) become weaker). Table 1 illustrates this in a simulation
analysis that compares these three statistics for different combinations of σAB and γ2.
In sum, the proposed model (7) is identiﬁed if there is sufﬁcient variation of choice outcomes in the data, involving choices of
variety and quantity. As discussed by Gentzkow (2007, p. 721), choice models are identiﬁed if the number of moments is greater
than or equal to the number of free parameters. Consider the market situation of two ﬂavors in which consumers do not choose
more than two scoops of each ﬂavor (see also Web Appendix A). In this market, there are nine possible choice outcomes, which
correspond to eight moments. In total, this model contains six free parameters (i.e., β1, β2, σ11, σ22, σ12, and γ2), and is identiﬁed.
Adding more ﬂavors and/or quantities to the model causes the number of moments to increase exponentially. For instance, adding
one ﬂavor to this market increases the number of choice outcomes from 32 to 33. At the same time, the number of parameters
grows much slower to eleven (i.e., β3, γ3, σ33, σ13, and σ23 are added to the model). Thus, increasing the number of ﬂavors J,
as well as the number of possible choice outcomes through different choice quantities, increases the degrees of freedom for
model estimation.
3.5. Estimation
Due to the advancement of Bayesian estimation techniques, estimating latent variable models, such as the multivariate probit
model and the proposed model, has become relatively straightforward (Albert & Chib, 1993; Manchanda et al., 1999). Moreover,
because the proposed model does not contain identiﬁcation restrictions on the covariance matrix Σ, all posterior distributions are
standard. This allows for standard Bayesian approaches, which makes the model computationally attractive. Following previous research, a hierarchical structure is formulated to capture heterogeneity, such that βc ~N(μβ,Ωβ) and γc ~N(μγ,Ωγ). We use standard
diffuse conjugate priors for μβ, μγ, Ωβ, Ωγ and Σ. Substitution parameters γ and utilities u are drawn using the procedure proposed
by Neal (2003), which avoids the need to compute truncation points. Web Appendix B presents the MCMC algorithm that was
used for model estimation, and Web Appendix C provides the results of a simulation study, which demonstrates that the algorithm
is able to recover true parameters accurately. All estimations used 70,000 iterations, thinned 1 in 10 for inference, after a burn-in
period of 30,000 iterations. Convergence was assessed using diagnostics presented in Geweke (1992).
An important advantage of the Bayesian estimation procedure is that latent variables are explicitly generated in the MCMC algorithm. These latent variables represent the utilities of consumers in each shopping trip, and can also be generated in situations
when ﬂavors are missing (Zeithammer & Lenk, 2006). Such situations are common due to stockouts or retailer decisions (Bruno &
Vilcassim, 2008; Campo et al., 2003), which complicates estimation of the covariance matrix Σ. Simulated utilities for missing
Table 1
Comparative statisticsa.
Error covariance σAB

−0.5

0

0.5

a

Statistic

r(qA,qB)
qA + qB
p(qA + qB = 0)
r(qA,qB)
qA + qB
p(qA + qB = 0)
r(qA,qB)
qA + qB
p(qA + qB = 0)

Substitution parameter γ2
−0.5

0

0.5

0.00
0.79
0.46
0.42
0.90
0.51
0.76
1.01
0.57

−0.24
0.67
0.48
0.00
0.67
0.53
0.36
0.67
0.59

−0.29
0.64
0.48
−0.20
0.60
0.53
−0.01
0.54
0.59

The comparative statistics are based on 1 million simulations, with preferences βA = βB = 0.4 and σA = σB = 1.
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Table 2
Descriptive statistics yogurt purchases: empirical application 1.
Flavor

Blueberry

Strawberry

Vanilla

Raspberry

Key Lime

Peach

Average price
Purchase incidence
Purchase quantity
Stockout/unavailable
Zero
One
Two
Three
Four and above

0.72
541
1074
337
5046
243
192
41
65

0.72
455
774
193
5132
240
151
33
21

0.72
420
1025
370
5167
157
133
34
96

0.72
474
840
244
5113
274
127
25
48

0.72
383
813
457
5204
170
122
36
55

0.72
393
739
351
5194
183
137
27
46

ﬂavors are not used in the choice decision (i.e., consumers are not allowed to choose unavailable ﬂavors, even if these are preferred), but can be used in computing the covariance matrix Σ, which makes its posterior distribution standard. This procedure
is applied in both empirical applications to account for stockouts and assortment decisions.
4. Empirical application 1: household panel data
In the ﬁrst application, the proposed model is validated against advanced economic demand models and quantity-then-choice
models. The model validation is performed on the 6-ounce Yoplait yogurt purchases from the IRI household panel dataset
(Bronnenberg, Kruger, & Mela, 2008). This dataset involves linear pricing and contains variety and quantity choices of households
among six different yogurt ﬂavors, making it feasible to estimate advanced demand benchmark models, as well as quantity-thenchoice models. This dataset was also used by Lee and Allenby (2014) to validate their discrete demand model.
4.1. Data description
In total, the dataset contains shopping trips of 109 households, each with at least 28 trips of which at least 5 contained yogurt
purchases. Table 2 provides descriptive statistics of the dataset. On average, the price of one unit of each ﬂavor was $0.72 and a
household bought on average 3.58 units, conditional on a purchase. However, on most shopping trips (92%), a household did
not purchase yogurt. Out of the 5587 shopping trips, 5.8% of the yogurt ﬂavors were unavailable due to stockouts or other reasons.
For a more detailed description of the dataset, please refer to Lee and Allenby (2014).
4.2. Model comparisons
Two versions of the proposed model were estimated. In the ﬁrst version, we followed Lee and Allenby (2014) and assumed
that there were no stockouts. Similar to Lee and Allenby, we imputed the mean price for ﬂavors that were unavailable during speciﬁc shopping trips. In the second version, we took into account stockouts and used the procedure proposed by Zeithammer and
Lenk (2006) to deal with different assortments across shopping trips. In both versions, we only included second-order substitution
effects so that the number of parameters equals the number of parameters in Lee and Allenby (2014).
To validate the proposed model, we estimated for both versions four nested models: 1) without substitution costs (γ2 = 0), 2)
independent error terms, 3) independent and identically distributed (i.i.d.) error terms, and 4) i.i.d. error terms without substitution costs. In addition, we also compared it with three rival models for the ﬁrst version that ignored stockouts, and one rival model
for the second version that takes into account stockouts. First, for both versions, we estimated a quantity-then-choice model. To
estimate choice quantity, we used a zero-inﬂated Poisson model based on the Bayesian procedure proposed by Ghosh,
Mukhopadhyay, and Lu (2006) and Damien, Wakeﬁeld, and Walker (1999). The parameters of the Poisson model were a function
of the average price of ﬂavors on a shopping trip. Second, for the version that ignores stockouts, we compared the proposed model
to discrete and continuous demand models (see Lee & Allenby, 2014). Parameters in all models were allowed to be heterogeneous
across households. Moreover, we estimated full covariance matrices for the error terms.5
To compute model ﬁt, we computed “true” log likelihoods (True LLs, Lee & Allenby, 2014) and hit rates (Manchanda et al.,
1999). The “true” log likelihood is a disaggregate ﬁt measure and represents the joint log probabilities of the observed data that
can be compared across model speciﬁcations. The hit rate is an aggregate level ﬁt measure that compares the number of predicted
choice incidences (i.e., presence vs. absence of yogurt ﬂavors in choice outcomes) with observed incidences.6 Hit rates are between

5
We also estimated a model with correlated preferences. The ﬁt in the estimation sample remained the same, while the True LL of the holdout sample slightly decreased from −1124 to −1131, and from −1109 to −1116, respectively in the models without and with stockouts.
6
We focused on choice incidence, because the number of choice outcomes is unlimited. For example, choice outcome qci = (2,1,0,5,0,0) is transformed to choice
incidence (1,1,0,1,0,0), resulting in a total of 2K = 26 = 64 different choice incidence outcomes. Finally, to assure that hit rates are bounded between zero and one,
we divided the sum of absolute differences between predicted and actual choice incidences by two times the number of shopping trips (see Manchanda et al., 1999,
Equation 18 on p. 110).
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Table 3
Model comparisons: empirical application 1.
Model

Not taking into account stockouts
Proposed model
– No substitution costs: γ2 = 0
– Uncorrelated errors
– i.i.d. errorsa
– i.i.d. errors, γ2 = 0
Quantity-then-choice-model
Discrete demand model
Continuous demand model
Taking into account stockouts
Proposed model
– No substitution costs: γ2 = 0
– Uncorrelated errors
– i.i.d. errors
– i.i.d. errors, γ2 = 0
Quantity-then-choice-model
a
b

Hit ratesb

True Log-likelihood
Estimation sample

Holdout sample

Estimation sample

Holdout sample

−8175
−8247
−8444
−8498
−8875
−9381
−8691
−9192

−1124
−1127
−1167
−1173
−1224
−1276
−1237
−1278

0.939
0.942
0.879
0.875
0.840
0.939
–
–

0.919
0.921
0.859
0.856
0.825
0.915
–
–

−8060
−8133
−8321
−8371
−8744
−9351

−1109
−1112
−1152
−1159
−1210
−1308

0.939
0.942
0.881
0.878
0.843
0.932

0.917
0.918
0.860
0.856
0.825
0.905

i.i.d. indicates independent and identically distributed.
Lee and Allenby (2014) did not report hit rates for demand models.

zero and one, with higher numbers corresponding to a better model ﬁt. Table 3 presents the model ﬁt statistics of the estimation
and holdout samples. The true log likelihood ﬁt measures indicate that taking into account stockouts signiﬁcantly improves model
ﬁt (True LL estimation sample: −8060 vs. −8175; True LL holdout sample: −1109 vs. −1124, respectively for the model with
and without taking into account stockouts). Most importantly, the proposed model strongly outperforms all benchmark models
both in the estimation sample as well as the holdout sample. Compared to the discrete demand model by Lee and Allenby
(2014), model ﬁt strongly improves both in the estimation sample (True LL: −8175 vs. −8691) as well as the holdout sample
(True LL: −1124 vs. −1237). As reported by Lee and Allenby, accounting for discreteness improves model ﬁt compared to continuous demand models (estimation sample True LL: −9192; holdout sample True LL: −1278). Quantity-then-choice rival models
do not do well, especially compared to the proposed model (estimation sample True LL: −9351 and −9381; holdout sample True
LL: −1308 and −1276, respectively for the version with and without stockouts). Finally, the hit rates indicate that both the proposed and the quantity-then-choice rival model predict aggregate choice incidences well (all hit rates are between 0.90 and 0.94,
both in the estimation as well as the holdout samples).
Comparisons across the nested model versions, illustrate how different model components contribute to the improved model
ﬁt. Clearly, ignoring correlated error terms signiﬁcantly decreases model ﬁt both at disaggregate and aggregate levels (True LLs:
−8321 and −1152; hit rates: 0.88 and 0.86, respectively for the estimation and holdout samples). Finally, a model that assumes
i.i.d. error terms without substitution costs has a similar true log likelihood as the discrete demand model. These ﬁt statistics illustrate that the proposed choice model is not only computationally attractive, it also predicts choices much more accurately compared to demand and quantity-then-choice models. Moreover, it also illustrates the importance of capturing both substitution
costs as well as co-incidence effects through a full covariance speciﬁcation of the error terms.
4.3. Estimation results
Table 4 presents median estimated parameters of preferences (μ), heterogeneity of preferences (σ), standard deviations
of the error terms (σε) for different ﬂavors, as well as the mean and heterogeneity of the substitution parameter. The estimates show that preferences for strawberry are on average highest (μβ = − 1.47), while vanilla is the least preferred
(μ β = − 3.25). Moreover, there is strong heterogeneity in preferences across households, especially for vanilla (σ =
2.16), which explains why vanilla is the most frequently chosen yogurt ﬂavor (see Table 2). Interestingly, the substitution
parameter μγ is negative (μγ = − . 07, 99.9% of posterior draws are negative), suggesting that yogurt ﬂavors complement
each other. However, there is heterogeneity across consumers, implying that some consumers perceive yogurt ﬂavors as
substitutes, while others perceive them as complements. Moreover, the posterior draws of all error terms covariances are
positive, and their medians vary between 0.86 (Blueberry; Raspberry) and 1.64 (Raspberry; Key Lime), illustrating strong
co-incidence effects for yogurt purchases.
5. Empirical application 2: Italian ice-cream consumption
An important advantage of the proposed model is that it is computationally attractive, and that it can be applied to situations
with many alternatives, involving nonlinear pricing. To illustrate this, the proposed model is applied to sales data form an icecream shop that sold 45 different ﬂavors and used a nonlinear pricing strategy as a function of the number of scoops ordered.
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Table 4
Estimation resultsa: empirical application 1.
Parameter

Intercept μ

Heterogeneity σ

Error σε

Blueberry
Strawberry
Vanilla
Raspberry
Key Lime
Peach

−1.79 (−2.16; −1.46)
−1.47 (−1.78; −1.19)
−3.25 (−3.90; −2.69)
−1.77 (−2.11; −1.47)
−2.80 (−3.39; −2.32)
−1.93 (−2.33; −1.60)

1.37 (1.13; 1.66)
0.98 (0.80; 1.21)
2.16 (1.75; 2.73)
1.03 (0.84; 1.27)
1.78 (1.44; 2.25)
1.14 (0.93; 1.42)

1.43 (1.32; 1.55)
1.27 (1.15; 1.40)
1.86 (1.69; 2.04)
1.47 (1.34; 1.62)
1.70 (1.55; 1.89)
1.41 (1.28; 1.58)

Substitution/complementarity
γ

−0.07 (−0.12; −0.02)

0.11 (0.08; 0.14)

–

a

95 percent posterior interval between brackets.

This application is also used to illustrate that the proposed model is a powerful tool to perform counterfactual analysis for assortment and pricing decisions.

5.1. Data description
Sales of ice creams have increased substantially in recent years, with annual US sales of 5.8 billion dollar in 2016, a 2.8 percent
increase compared to the previous year.7 Moreover, brands such as Ben and Jerry's, Cold Stone Creamery, and Häagen Dazs increasingly open ice-cream shops around the world, contributing to 80% of Häagen Dazs' revenues in China.8 The data for this
study were collected in an independent Italian ice-cream shop, located in a small harbor village in Southeast Asia. This village attracts tourists and visitors from a nearby city, who dine on seafood, go to the beach, rent a boat, or to take a hike in a nearby country park. Hence, there are few loyal customers, and most customers visit this ice-cream shop only once, which makes identiﬁcation
of heterogeneity across individuals not possible.
During nine weeks on weekdays, for ﬁve hours each day, a research assistant recorded the choices for each customer. During
this period, 1408 customers visited the shop and they could choose different scoops of ice-cream ﬂavors from an assortment of 20
different ﬂavors that varied across days.9 In total, the shop sold 45 different ﬂavors divided across 36 different assortments during
the period the data were collected. A customer could choose one scoop, two scoops or three scoops of any combination of icecream ﬂavors available in the assortment. In addition to this, a customer could also buy other products, such as a large takehome ice-cream box or a cup of Italian espresso. These outside goods were recorded as no choice. During the ﬁrst eight weeks,
the prices of all ﬂavors equaled $3.48, $5.03, and $5.80 for respectively, one scoop, two scoops, and three scoops. However, in
week 9, there was an additional quantity discount on all fruit ﬂavors, except durian (a popular local fruit), such that the price
for any combination of fruit ﬂavors was $4.51 and $5.29, respectively for two and three scoops.
In addition to quantity discounts, the shop changed two additional marketing mix variables during the observation period.
First, the display with ice-cream ﬂavors was each day randomly rearranged in a two by ten matrix-type display layout. To capture
the effect of display location, we coded for each available ﬂavor whether it was located in the front (i.e., the ten ﬂavors located
closer to the consumer), the right (i.e., the ten ﬂavors located towards the right of the consumer), and center (i.e., four ﬂavors located in the center of the display). Previous research suggests that ﬂavors located in the center may attract more attention and
increase the probability of choice (Atalay, Bodur, & Rasolofoarison, 2012). Second, recommendations for speciﬁc ﬂavors by the
salesperson were coded. The explanatory variables xcij are coded in a (49 × 1) vector. The ﬁrst 45 variables are zero, except for
element j, which equals one, and measure the preferences for ﬂavors. Variables 46 to 49 are dummy variables that indicate the
location of the ﬂavor on the display, i.e., front, right, and center, respectively and whether the ﬂavor was recommended by the
salesperson.
Table 5 presents descriptive statistics of choice outcomes and the availability of different ﬂavors. Most customers (918) choose
only one scoop, followed by two scoops of different ﬂavors (374). Only few customers (25 in total) choose an ice cream that
consisted of two scoops of the same ﬂavor, and there were no customers that choose three scoops of the same ﬂavor. From
these choice outcomes it is unclear whether ice-cream ﬂavors are substitutes or complements. On the one hand, many customers
choose only one ﬂavor, suggesting substitution. On the other hand, if customers choose two or more ﬂavors, they prefer variety
over quantity, indicating complementarity. Table 5 also presents the top ten ﬂavors in terms of sales. Chocolate scoops were
sold most frequently (196 scoops of chocolate were chosen during the observation period). Durian was a close second, with
192 scoops sold. However, it is difﬁcult to tell from this data which ﬂavor is most preferred, as the availability of ﬂavors varies.
For instance, while chocolate was available to 1352 customers in the sample, durian was only available to 1327 customers. Moreover, the assortments varied across customers. Therefore, important managerial questions are: (1) which are the most preferred
ﬂavors, (2) what is the optimal assortment, and (3) what is the optimal pricing strategy? Next, we ﬁrst discuss the performance
7

http://www.nielsen.com/us/en/insights/news/2016/whats-the-scoop-digging-in-to-americans-love-of-ice-cream.html.
http://seekingalpha.com/article/1903081-general-mills-moving-ahead-with-continuous-innovation-in-china.
9
Due to stock replenishments, during four short time periods, the assortment contained 19 ﬂavors, and in another short time period the assortment contained only
18 ﬂavors.
8
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Table 5
Descriptive statistics for Italian ice-cream store: frequency of choice outcomes and availability of top 10 ﬂavors.
Choice outcome

Frequency

Availability

q(1 : 3) = {0, 0, 0}
q(1 : 3) = {1, 0, 0}
q(1 : 3) = {1, 1, 0}
q(1 : 3) = {1, 1, 1}
q(1 : 3) = {2, 0, 0}
q(1 : 3) = {2, 1, 0}
q(1 : 3) = {3, 0, 0}
Total
1. Chocolate
2. Durian
3. Pistachio
4. Mint and chocolate
5. Mango
6. Coffee
7. Yogurt
8. Coconut
9. Yuzu
10. Strawberry
Others
Total

32
918
374
59
20
5
0
1408
196 (0.103)a
192 (0.101)
136 (0.072)
106 (0.056)
103 (0.054)
102 (0.054)
83 (0.044)
79 (0.042)
77 (0.041)
71 (0.037)
753 (0.40)
1898

1352
1327
967
1354
1326
1215
1380
1297
1134
1408
15,016
27,776

a

Choice percentages between brackets.

Table 6
Model comparisons: empirical application 2.
Model

Proposed model
– No substitution costs: γ2 = γ3 = 0
Quantity-then-choice-model

True log likelihood

Hit rates

Estimation sample

Holdout sample

Estimation sample

Holdout sample

−4126
−5682
−4447

−1978
−2709
−2040

0.828
0.266
0.619

0.686
0.212
0.562

of the model compared to several rival models, after that we discuss the estimation results (addressing managerial question 1),
and use counterfactual analysis to address managerial questions 2 and 3.

5.2. Model comparisons
As discussed earlier, it is not straightforward to benchmark the proposed model against economic demand models, as the data
contain many ﬂavors with a nonlinear pricing strategy in a combination of ﬂavors.10 Therefore, the proposed model is only compared with a quantity-then-choice model. Quantity-then-choice models (Harlam & Lodish, 1995) are frequently used to deal with
bundled promotions that involve nonlinear pricing strategies (Foubert & Gijsbrechts, 2007). Based on Gupta (1988), we used an
ordinal probit model for quantity decisions, which takes into account that customers can only choose a maximum of three scoops
of ice cream and includes the no choice possibility (quantity equals zero). Moreover, we followed Lewis et al. (2006) and incorporated quantity discounts through the thresholds of the ordinal probit model. For the choice model, we used a probit model
with full covariance matrix in which the variance of the ﬁrst product was ﬁxed to one for identiﬁcation, and we followed the
Bayesian estimation procedure by McCulloch et al. (2000). In addition to the quantity-then-choice rival model, we also estimated
one nested version of the proposed model without substitution costs (i.e., γ2 = γ3 = 0). For all models, we applied the procedure
proposed by Zeithammer and Lenk (2006) to account for different assortments and stockouts.
We randomly divided the data in estimation (965 customers) and holdout samples (443 customers) and computed true log
likelihoods and hit rates, as in application 1. Table 6 presents the ﬁt statistics of the model comparisons. The proposed model signiﬁcantly ﬁts the choice data better, both in the estimation (True LL: −4126 vs. −4447; hit rate: 0.828 vs. 0.619) as well as the
holdout sample (True LL: −1978 vs. −2040; hit rate: 0.686 vs. 0.562). Moreover, the nested model ﬁt statistics (True LLs: −5682
and −2709; hit rates: 0.266 and 0.212, respectively for the estimation and holdout samples) demonstrate the importance of taking into account substitution costs, as ignoring this strongly decreased model ﬁt. The results of the proposed model, estimated on
1408 customers, are presented next.

10
The demand model by Howell et al. (2016) only allows quantity discounts as a function of one alternative, but not as a function of a combination of alternatives,
making this demand model not applicable to this situation. Moreover, the complexity of this model grows exponentially in the number of alternatives and discounts.
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Fig. 2. Estimation results for utilities of Italian ice-cream: median intercepts and 95 percent posterior intervals.
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Table 7
Estimation results for Italian ice-cream choices: substitution and marketing mix variables.a
Variable
Substitution/complementarity
Between two ﬂavors γ2
Between three ﬂavors γ3
Inﬂuence on direct utility
Shelf position
Front
Right
Center
Recommendation
a

Parameter
1.52 (1.48; 1.56)
−0.74 (−0.80; −0.69)

0.01 (−0.02; 0.04)
−0.00 (−0.04; 0.03)
0.02 (−0.01; 0.05)
0.57 (0.45; 0.70)

95 percent posterior interval between brackets.

5.3. Estimation results
Fig. 2 presents the estimated preferences (β) of all 45 ﬂavors, with the ﬂavors ordered according to their median posterior
preferences. Note that the median estimates can be interpreted as the average perceived monetary value in US$ that customers assign
to each ﬂavor. Corroborating the descriptive statistics in Table 5, durian and chocolate are the ﬂavors with highest preferences (βdurian =
3.22andβchocolate = 3.16), although the rank order is reversed, but this difference is not signiﬁcant (74% of the posterior draws of durian
are higher than chocolate). Similar rank order reversals occur between other ﬂavors, such as pistachio that is ranked third according to
choice frequency (Table 5) and only eight in terms of estimated preferences. An explanation for these reversals is that the standard deviation of the error terms of preference for chocolate is higher than that of durian (σchocolate = 0.74 vs. σdurian = 0.64, 87% of posterior
draws of chocolate are higher), similarly for pistachio and mango (σpistachio = 0.82 vs. σmango = 0.58, 96% of posterior draws of pistachio
are higher). This suggests that preferences of the pistachio and chocolate ﬂavors vary more across customers compared to durian and
mango. Although the difference between standard deviations between pistachio and mango is relatively large, there is relatively little variation in this parameter across all ﬂavors (median estimates between 0.55 and 0.92 for all ﬂavors). Furthermore, most error terms, except
for 26 combinations out of 990, are uncorrelated based on 95 percent posterior intervals, suggesting that utilities of ﬂavors do not co-vary
systematically. Although differences in standard deviations do not vary much across ﬂavors, median preferences vary substantially from
3.22 for durian to 2.12 for beer ﬂavor. While Fig. 2 provides insights into the most preferred ﬂavors, Table 7 presents the effects of the
marketing mix variables (shelf position and recommendation) on the utility of ﬂavors. In contrast to previous ﬁndings (Atalay et al.,
2012), the effect of shelf position on choice probability is insigniﬁcant. However, as expected, recommendations have strong effects on
the utility of a ﬂavor (βrecommendation = 0.57, all posterior draws are positive).
Table 7 also presents the posterior estimates of the substitution parameters. As indicated in this table, the second-order substitution parameter γ2 is positive (1.52, all posterior draws positive), suggesting that combinations of two ice-cream ﬂavors are substitutes. Moreover, the third-order substitution parameter is negative (median estimate: − 0.74, all posterior draws negative).
Combining the third and second-order substitution parameters indicates that substitution costs of three ice-cream ﬂavors are Stot
j (qcij, qci, − j;γc) = 2.3 (i.e., 1.52(1 + 1) − 0.74, see Eqs. (3) and (4)). These results suggest diminishing substitution costs of increasing levels of variety, as the substitution costs for two ﬂavors (1.52) are relatively high compared to the substitution costs of
three ﬂavors (2.3).
5.4. Counterfactual analysis: assortment and pricing strategies
Although it is useful to understand the preference for ﬂavors, the owner of the ice-cream shop ultimately wants to determine a
pricing and assortment strategy that increases proﬁt. In order to test this, we obtained variable cost data of producing a scoop of
each ﬂavor. The variable production costs are relatively low and stable across ﬂavors, with pistachio the most expensive ($4.72/kg
or $0.60 for 1 scoop) and champagne the cheapest ($2.14/kg or $0.27 for 1 scoop).11 Based on this information, the contribution
margin in the observation period equaled $4800. To ﬁnd out whether it is possible to increase this margin, we did a counterfactual
analysis using the proposed model as well as the rival model discussed above. In this counterfactual analysis, we used the estimation results to simulate choice behavior of 100,000 customers under different pricing and assortment conditions. Because there
were 45 ﬂavors, the number of possible assortments consisting of 20 ﬂavors is extremely large (i.e., 3.17 ⋅ 1012). Therefore, for
both models,12 we ﬁrst determined the optimal pricing strategy for the top 20 ﬂavors. To determine the optimal price for scoops
of one, two and three ﬂavors, we only considered price increments of $0.25. Given the optimal price, we then determined the optimal assortment by considering the top 23 ﬂavors as predicted by each model, which reduced the number of possible assortments
of sizes of 20 ﬂavors to 1771.
11

The average weight per scoop was 127 g for an ice cream with 1 scoop, 105 g for an ice cream with 2 scoops, and 86 g for an ice cream with 3 scoops.
Note that it is not possible for the quantity-then-choice rival model to determine an optimal pricing strategy, because the thresholds are modeled as dummy variables and not as a function of speciﬁc price levels. I therefore used the existing pricing strategy for this counterfactual analysis.After going through my changes, I would
like to see the updated version before it gets published.After going through my changes. I would like to view the updated version, before it gets published.
12

256

R. van der Lans / International Journal of Research in Marketing 35 (2018) 242–257
Table 8
Counterfactual analysis: expected proﬁts (US$).a
Model
Full model
Quantity-then-choice-model

Expected proﬁts (US$)
5164 (7.6)
4986 (3.9)

a
Percentage improvement compared to expected proﬁts (US$ 4,800) of current pricing and
assortment strategy in brackets.

The counterfactual analysis revealed that the proposed model is able to increase the contribution margin to $5164 (SD =
$22.9), corresponding to a 7.6 percent increase compared to the observed assortments and pricing strategy. The optimal assortment consists of all top 20 ﬂavors in Fig. 2, except strawberry yogurt, which is replaced by banana chocolate. The optimal price
for one scoop is similar to the current pricing strategy and equals $3.50, while the optimal price for two and three scoops is
about $0.50 lower, respectively $4.50 and $5.25. This illustrates that a nonlinear pricing strategy is proﬁtable and that it is important for choice models to capture these strategies. Because the recommended strategy involves popular ﬂavors and a price reduction for two and three scoops, the increase in proﬁt is due to an increase in consumption. On average, in the recommended
strategy, customers choose 1.88 scoops, compared to 1.35 scoops in the current strategy.
Table 8 reports the expected change in contribution margin for the strategy recommendations of the rival model, with the expected contribution margin computed using simulations of the proposed model. The quantity-then-choice model leads to a higher
expected contribution margin ($4986, SD = $29.3) than the current strategy, but it is signiﬁcantly outperformed by the proposed
model ($5164, SD = $22.9).
In sum, the second empirical application demonstrates that the proposed model is able to analyze choice scenarios with many
alternatives and nonlinear bundling pricing strategies. Moreover, the model uncovers whether choice alternatives are substitutes
or complements and it allows for counterfactual analyses to improve pricing and assortment strategies.
6. Discussion
Choice models play a central role in the understanding of consumer decision making, but the analysis of choice data is complex.
Choice outcomes are qualitative in nature, and the underlying behavioral process leading to these outcomes is unobserved. Hence,
previous research assumed that consumers assign utilities to alternatives in the choice set and that they select alternatives that
maximize utility. This research introduces a choice model which assumes that consumers maximize the variety of the choice outcome instead of utility. This approach signiﬁcantly reduces computational complexity and allows application of the model to situations that involve 1) choice of multiple products, 2) discrete quantity, and 3) nonlinear pricing strategies that are common in
practice. Estimation of the proposed model involves standard Bayesian MCMC techniques as posterior distributions are closed
form.
Application of the model to two datasets demonstrates that the proposed model outperforms alternative choice models and is
applicable to large assortments. The ﬁrst empirical application illustrates that the proposed model predicts choices more accurately
compared with advanced economic choice models as well as quantity-then-choice models. The second empirical application involves choices of ice-cream ﬂavors from a large assortment that contains a nonlinear bundling pricing strategy. This application
illustrates that the model is ﬂexible and can be applied to challenging situations that cannot be captured by previously developed
economic choice models. Moreover, follow-up counterfactual analysis showed that the model is a powerful tool for developing assortment and pricing strategies. By selecting the most preferred ﬂavors and allowing for quantity discounts, the store is able to
increase contribution margins by 7.6%.
Although the proposed model is ﬂexible and can be applied to many different choice settings, it has some limitations that can
be extended in future research. First, in both empirical applications, preference for ﬂavors was modeled separately. In some situations, it is possible to reduce model complexity even further by the incorporation of product attributes to describe choice outcomes (Kim, Allenby, & Rossi, 2007). Second, although the proposed model extended previous literature by allowing
combinations of alternatives to be either substitutes or complements, it did not allow the strength of these effects to vary across
different combinations of products. It is possible, however, that combinations of some alternatives are substitutes, while others are
complements. Future research could extend the modeling approach to allow for different patterns of substitution and complementarity across ﬂavors. To reduce the curse of dimensionality, because the number of substitution parameters grows exponentially in
the number of choice alternatives, it is possible to specify a hierarchical model for this parameter following Wedel and Zhang
(2004). Third, it is interesting to extend the model with a store choice decision that depends on assortments size. In the counterfactual analysis of the second empirical application, we kept assortment size constant as different assortment sizes may result in a
different probability of choice incidence (Zhang & Krishna, 2007). However, smaller assortments may signiﬁcantly reduce costs and
therefore increase potential proﬁts. Finally, researchers could apply the model to answer important managerial questions, such as
the cross-category effects of the marketing mix on choice, quantity and bundle promotions.
Web Appendix
Supplementary data to this article can be found online at https://doi.org/10.1016/j.ijresmar.2017.12.007.
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